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The phase diagram of water has been calculated for the TIROR® model, an empirical rigid non-polarisable model. phth
integral Monte Carlo technique was used, permitting theriparation of nuclear quantum effects. The coexistenaslimere
traced out using the Gibbs-Duhem integration method, oagig calculated the free energies of the liquid and solisel in
the quantum limit, which were obtained via thermodynamiegmnation from the classical value by scaling the mass ofier
molecule. The resulting phase diagram is qualitativelyaxir being displaced to lower temperatures by 15-20K.ftiusid that
the influence of nuclear quantum effects are correlatedetdettnahedral order parameter.

1 INTRODUCTION posed by Feynma (for an excellent review sé&). Barker?

and Chandler and Wolyné$ showed that the formalism of
Ever since the monumental work undertaken by Bridgman irFeynman is equivalent, or “isomorphic”, to performing elas
1912" there has been intense and continued interest in theical simulations of a modified system where each molecule
phase diagram of watéf. The prediction of the phase di- is replaced by a polymeric ring composedPbeads. The
agram serves as a severe test for any model of ateAl-  TIP4P/2005 model, successful for classical simulaf6r§
though the first computer simulations of water were perfarme was recently adjusted for use in such quantum simulations
in 1969 by Barker and Watfsand 1971 by Rahman and Still- (the charge located on the hydrogen atom was increased by
inger’, the calculation of the complete phase diagram wa®.02e so as to maintain the same internal energy in a quan-
only recently undertaken, using the classical models TIP4Rum simulation as the TIP4P/2005 model in a classical simu-
and SPC/E. Although the TIP4P model provided a qualita- |ation) becoming the TIP4PQ/2005 mo#2I This new variant
tively correct phase diagram, there was room for improvemenof TIP4P/2005 has been successful in describing the tempera
(i.e. the melting point of iceplwas situated at around 230K). ture of maximum densi§f of water and heat capacitit’s It
Consequently a new re-parameterisation, named TIP4P/200ks for this model that we calculate the phase diagram.
was proposetileading to a satisfactory description of a num-
ber of properties of watéf'L The TIP4P/2005 model is
a rigid non-polarisable model designed for classical samul 2 METHODS
tions. In an indirect fashion TIP4P/2005 implicitly incorp .
rates nuclear quantum effects, at least at moderate to hight Pathintegral Monte Carlo
temperatures. However, the model fails when it comes to dethe partition function, Qy o7, for a system ofN rigid

e ; 13 : or ¢ _
scribing the equation of state at low temperatifes Co ™. molecules in the pT ensemble is given (except for an arbi-
The origin of the failure is the use of classical simulatitms trary pre-factor that rende@y pt dimensionless) b@ypr =

describe the properties of water. Quantum effects are Prese [ exp(—BpV)Quyt dV. In theNV T ensembleQuy T is given
in water*1° even at “high” temperatures, due to the partic- by:

ularly small moment of rotational inertia, engendered by th
low mass of hydrogen, in conjunction with the relativelyig 1 ( MP

3NP
5 NP
. i+l E toot+1 t et
strength of the intermolecular hydrogen bonds. NI ZHBHZ) /ithL!me (P,w,oq ) dri do

Nuclear quantum effects can be incorporated into con-
. . . . X N P P
densed matter simulations via the path integral technigoe p cexp - MP (r? B rt+1)2 B Ut 1)
2B i;t; L P t;
2 Departamento de Qmica Fisica, Facultad de Ciencias Quicas, Univer- : : “ . "
sidad Complutense de Madrid, 28040 Madrid, Spain whereP is the number of Trotter slices or “replicas” through

b Instituto de Qimica Fisica Rocasolano, Consejo Superior de Investiga- V‘{hiCh r?Udear quantum eﬁ'eCtS are ierdUFed for 1 the
ciones Cierificas, CSIC, Calle Serrano 119, 28006 Madrid, Spain simulations become classical). Each repligagf molecule
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i interacts with the replicas with the same indeaf the re-  procedure in some detail. Let us define the excess quantum

maining particles via the inter-molecular potentigland in-  free energy as the free energy difference between the quantu

teracts with replicas — 1 andt + 1 of the same molecule  system and its classical counterpart at the s@raadpew Online

through a harmonic potential (connecting the centre of mofiss )

the replicas) whose coupling parameter depends on the mass G™Q = G — golassieal (2)

of the moleculesNl) and on the temperatur@ = 1/kgT),
£l

, i Thus the free energy of the quantum systén,can be ob-
and through atermo(otJ ), named the rotational propagator, tained if the classical and excess contributions are known.

ghat m(cj:orport?]tes tlh?. quar_mstattpn O]; thellrcotaté?n alndpl_whlc The free energy of the classical system was determined in
epends on the refative orientation of replitaci + 1. Fl- - 0 £t step, so we shall now focus on the evaluation of
oneering work was unde;a%ken by Wallgvist and B.é foend G®*Q. One defines a parametdr, whose purpose is to scale
gressﬁzik%??:ecr%-tgggﬁal pV::;a;;ﬁ;jr i? ;r?grso;(rlnmn?:rigxtb éThs mass of the atoms of the molecule of water such that:
. . > Mo = Amp g = Mo o/A’ andmy = Amy o = My o/A’, where
(|.e._ water). A_nother techmque is that of the stereogmaphi Moo and My o are t/he masses of O and H in/the molecule
prOjeCtIOOI‘\ path integréP which has been usgd to study TIP4P of water and whera/ — 1/A. Thus one can can slide from
clusters®. In 1996 Miser and Bern& provided an expres- "\ 2nm limit (for whichh —1) to the classical limit (for

sion of the rotational propagator for spherical and symimetr which A’ =0) by simply changing tha’ parameter. From the

top molecules. Quite recently the authors have extended thl%lationshipﬁz KT InQuyr the derivative of the free energy
expression of Mser and Berne to the case of an asymmetrigNith respect to’ can be cglculate’&’ obtaining:

top®2, which is the case of water. The propagator is a function
of the relative Euler angles between two contiguous beadls an d(G/NKT) 1 K

of PT. The internal energ¥ can be calculated through the T <NkT>
derivative of the logarithm oQyy 1 with respect tq3, and is

given by the sum of the kinetic and potential energy terms,This is due to the fact that when the mass of all atoms of the
E = Kyanslationar+ Krotationa+U = K +U. A more complete molecule are scaled by a factofXl the total massM, is also
account concerning path integral Monte Carlo simulatidns oscaled by a factor/A’. The same is true for the eigenvalues of
rigid rotors, and their application to water, can be founthim  the inertia tensor and thus the energies of the asymmetic to
article by Noya et af3. appearing in the rotational propagator are also scaled &y-a f
tor A’. The average of the value in the angled brackets should
be performed for the value df of interest. By using Eq. 3

in conjunction with the fact that the total kinetic energyitfw

The determination of the phase diagram of the quantum syghe translational and rotational contributions) KKJ for the
tem is undertaken in several steps. First the classicabptias ~ classical and for the quantum system in the limit of infiryitel
agram of the TIP4PQ/2005 model was calculated. To do thisheavy molecules, it can be shovyn that the chemical potentlal
for each solid phase a reference thermodynamic state isshosOf the quantum system can obtained from the expression:
and the free energy of the classical system is determined usi Golassical 1 1 K
either the Einstein cryst#t or the Einstein molecule method- H_5 +/ = [<> — 3} dA’ (4)
ologies®®. For the fluid phase the free energy of the classical kT NKT 0o A NKT
system is determined at a reference state by transformeng t : . . cex0 . :
TIP4PQ/2005 model into the Lennard-Jones model, for WhiCEI.—O. determine the |n'tegrallof Eq. 4 (.6 ./NkT) itis suf

. icient to perform simulations at decreasing values\ bfto
the free energy is well knowlf. The free energy of the clas- determine the integrand for each considered valug’aind
sical system under distinct thermodynamic conditions ean b . . .
obtained via thermodynamic integration. This permits ane t subsequently implement a numerical procedure to estirhate t

. S . : : value of the integral. It follows from Eq. 4 that the differ-
determine an initial coexistence point of the classicatesys : . L
g . . - nce in chemical potential in the quantum system between two
for each phase transition by imposing the usual condition o

equal chemical potential for a givdhand p. Gibbs-Duhem phasesii = g — Ua, can be obtained as:

simulations” are then performed to trace out the complete Ap Apdlassical 1 Kg Ka ,
phase diagram. The procedure has been described in detaif =~ — /o [< >< >} dA™ (5)

®)

2.2 Phasediagram calculation

A |\ NKT NKT
in38, At the end of this first step the phase diagram of the
classical system is known. This expression states that the difference in chemicahpiede

In the second step the chemical potential of the quantunbetween two phases is simply the value of the difference in
system is determined at a reference thermodynamic statéhe classical system plus a correction term that accounts fo
again for each phase of interest. It is worth describing thighe difference in the quantum excess free energies. Thas, af
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the second step one knows either the chemical potentiakof th1900+ 300. This choice guarantees that, for a rigid model of
guantum system at a reference state, or similarly the difiez ~ water, the thermodynamic properties are within two per cent
in chemical potential between two phases, again at a referen of the value obtained @tends to infinity. In generaY B QiHie
state. ulations of this work consisted of 200,000 Monte Carlo cgcle
The third step in the determination of the phase diagram ofvhere a cycle consists of a trial move per particle (the num-
the gquantum system requires the determination of one linitiaber of particles is equal thP whereN is the number of wa-
coexistence point for each coexistence line. By using therter molecules) plus a trial volume change in the cash pT
modynamic integratiof?, the free energy of each phase of simulations. To increase the accuracy, in the determinatfo
the quantum system is determined as a functiof @ind p. the excess quantum free energies, four independent rues wer
This provides the location of at least one coexistence fp@nt performed for each value of’. In Eq. 5Apclassicalis zerg
tween each pair of phases by imposing the condition of idenif evaluated at the coexistendeand p of the classical sys-
tical chemical potentialp andT between the two phases. tem. Direct coexistence simulations were significantlygien
The fourth and final step is the tracing out of the complete(up to 10 million cycles) and Gibbs Duhem simulations were
coexistence lines thus yielding the phase diagram. This igypically ten times shorter. Further details of the patiegnal
done by using the Gibbs-Duhem simulations, starting froen th Monte Carlo simulations, for example, the rotational pggpa
initial coexistence point determined at the end of the thiegh.  tor, the acceptance criteria within the Markov chain, thalev
uation of relative Euler angles between contiguous beaufs, ¢

) ) . be found irf2:33
2.3 Simulation details

The expression of the rotational propagator is give’.in 3 RESULTSAND DISCUSSION

The propagator is composed of an infinite sum over the en-

ergy levels of the free asymmetric top rotor. In practice theTo illustrate the methodology used in this work to determine
summations are truncated; we adopted the criterion that ththe entire phase diagram of the quantum system, we shall de-
propagator had converged when the absolute difference becribe in detail the procedure used to determine the fiid-I
tween the value of the propagator for two consecutive val-coexistence curve:

ues ofJ (normalised so thap(0,0,0) = 1 for both values
of J) is less than 10° per point. A grid of one degree for
each Euler angle was used, and results for intermediatesangl
were obtained by interpolation. Simulations consistedGsf 3 o Determine the integral in Eq. 5 by performing path in-

e Determine the melting temperatufF&2ss@of the classi-
cal system at normal pressure.

molecules for liquid water, 432 molecules for icgsahd II, tegral N pT simulations for various values of for ice
324 molecules for ice Ill, 504 for ice V and 360 for ice VI. Ih and for liquid water. For KO the values ofA’ =
The algorithm of Buctet al.*® was used to obtain a proton 1,6/7,5/7,4/7,3/7,2/7,1/7 were used to evaluate this
disordered configuration of iceg, llll, V and VI simultane- integral.

ously having zero dipole moment and at the same time sat-

isfying the Bernal-Fowler ruléd-42 For ice Il we addition- e Perform thermodynamic integration and determine the
ally imposed the condition that the selected proton disemie melting temperaturép, of the quantum system at which
configuration presented an internal energy that lies in ¢éme c ice I and water have the sanpeat normalp.

tre of the energy distribution shown in Figure 2*&f Direct
Ih-fluid coexistence simulations used about 1000 molecules
for the classical system and about 600 for the quantum one.
Free energies of the classical system were obtained using th
Einstein molecule methodology for a given proton disordere Free energy calculations for TIP4PQ/2005 yieldghssical—
configuration and subsequently adding the Padfireptropy 282K for I, (p = 1 bar). The same result 283K was ob-
contribution RTIn(3/2)). The methodology has been de- tained from direct coexistence simulations. In direct é®ex
scribed in detail elsewhet® The Lennard-Jones part of the tence rung®*half of the simulation box is filled with ice and
potential was truncated at &mand long ranged corrections the other half with the liquidN pT simulations at normal pres-
were added. Coulombic interactions were treated usingdwalsure are performed for several temperatures. For tempesatu
sums. For the solid phase anisotroNipT Monte Carlo simu-  above the melting point the ice within the system melts, and
lations were performed in which each of the sides of the simufor temperatures below the melting point the ice phase is see
lation box were allowed to fluctuate independently. The num-+o grow.

ber of replicasP in the path integral simulations was selected We then proceeded to calculate the integral in Eq. 5 at nor-
for each temperature by imposing tHat be approximately mal p andT = 28X (where the two phases have the same

e Perform Gibbs-Duhem integration using path integral
simulations to determine the fulldwater coexistence
line.
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chemical potential in the classical system). To do this thesn tegration method consists of a numerical integration of the
of the atoms in the TIP4PQ/2005 “molecule” were incremen-Clapeyron equation and requires simply the knowledge of
tally increased by a factor of. Such a scaling only modifies the enthalpy and volume difference between th&/'8&t6ex-
the total mass of the molecule M and the eigenvalues of the inisting phases. The enthalpy of each phase is obtained from
ertia tensor (i.e. the principal moments of inertia), batvies H = K +U 4 pV. Note that for each new temperature in the
the geometry of the model and the location of the centre ofGibbs-Duhem integration a propagator matrix must be calcu-
mass unchanged. Seven scaling factors betweenl and lated as the propagator depends on the valugToflt can be

A =7 were used, and the corresponding exact rotational propseen that thentwater curve (3) is essentially parallel to the
agator afT = 282K was calculated for each. Beyond=7  experimental curve, shifted by 15K due to the lower melt-
the calculation of the propagator becomes prohibitively exing point of the TIP4PQ/2005 model. The aforementioned
pensive to calculate, and a large number of simulationsdvoul methodology for 4-water was applied to the remaining phase
be required to reduce the errors to an acceptable level. Patiguilibria, leading to the complete phase diagram. A plot of
integral simulations were then performed, and the intejranthe integrand of Eq. 5 with respectiéis shown in Figure 1a.

of Eqg. 5 is determined (see Figure 1a). The integral over th&he integral of these functions leads to the difference in ex
curve formed by these results provides the difference ie€xc cess quantum free energy between the two considered phases
guantum Gibbs energy between igahd water, and therefore in units of NkT. As can be seen the integrand is rather smooth,
the difference in free energies between the two phases in thend in most of the cases it can be well described by a straight
guantum system (fof = 282K andp = 1 bar the two phases line. It is worth noting that if this were always the case then
have the same chemical potential in the classical systems). Aone could obtain a reasonable estimate of the integral gimpl
can be seen in Figure 1a the integrand for the liqyidalcula- by obtaining the value K /(A’NKkT) atA’ = 1/2. In 3 the

tion is reasonably smooth and forms an almost horizontal lin phase diagram of water as obtained from quantum simulations
For this reason it seems reasonable to extrapolate theamgg of the TIP4PQ/2005 model of water is presented and com-
for A’ < 1/7 from the values obtained for largaf. pared to the experimental phase diagram. One can see that the

It can be seen that the kinetic energy of igeid higher ~ diagram is qualitatively correct, each phase is situatettien
than that of water at 282K and 1bar, indicating that nuclealcorrect relation to the other phases. Furthermore, theeyre
quantum effects are significantly larger in the iggphasé®. of the coexistence curves are also acceptable in comparison
For rigid models nuclear quantum effects are related to thé0 experimental results. The most notable discrepancy is an
strength of the intermolecular interactions which, in tase  overall shift of 15-20K in the diagram to lower temperatures
of water, is dominated by hydrogen bonds. In igeehch In 4 the changes in volume along phase transitions obtainec
molecule forms four hydrogen bonds with the first nearesfrom the simulations are presented. It can be seen that they
neighbours, whereas in the liquid phase this number is som&ompare favourably with the experimental results obtalned
what smaller. The more “localised” character of the molacul Bridgman in 1912 (4). Making use of a recent publication by
libration in ice |k with respect to the liquid leads to the higher Loerting et al*® where the densities of iceg, lll, Il and V in
kinetic energies observed. From the results shown in Figurée range 77-87K at normal pressure were determined using &
1a it follows thatu of ice I in the quantum system isTBKT methodology known as cryoflotation, we decided to study the
higher than that of water at 282K and 1bar, indicating that th densities at the intermediate temperature of 82K. Addétiign
melting point of ice } in the quantum system is lower than that We also considered a couple of states for the liquid, and one
of the classical system. By using thermodynamic integnatio for ice VI at room temperature. The results are summarised in
at constanp we found that at 258K the chemical potential of 1. In general the simulation and experimental results cdénc
the solid and fluid phases become identical. This value is th&o within 1%. Classical simulations of TIP4P/2005 tend to
T of the quantum system. In order to corroborate this resultoverestimate the experimental densities (at 82K) by maxe th
direct coexistence runs of the quantum system were unde@%'2. Thus a quantum treatment is absolutely essential if one
taken. For the runs performedBt= 266K andT = 262K the ~ Wishes to describe experimental results at low tempersiture
total energy increases with time and reaches a plateawsindic The results of this table can also be used to estimate the valu
ing the complete melting of the ice slab. At= 240K we saw  Of the transition pressures at zero Kelvin as shown by Whal-
a slow growth of the ice phase (See 2). At 252K the en-  ley>*”. The estimates obtained in this way were consistent
ergy was approximate|y constant a|ong the run. This indgat with those obtained from extrapolations to zero Kelvin & th
that the melting point lies betwedh= 252K andT = 262K,  coexistence lines. The maximum deviation found between the

thus we shall adopt the intermediate value of 25#6K) in  two methodologies was700 bar, which is reasonable taking
agreement with the free energy result of 258K. into account the combined uncertainty of all the calculaio

The entire j}-water coexistence line is obtained by using In order to highlight the differences between quantum and
the Gibbs-Duhem integration method. The Gibbs-Duhem in<classical results for the phase diagram, the quantum asd cla
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sical phase diagram of the TIP4PQ/2005 model are superinis worth mentioning that the TIP4PQ/2005 model also does a
posed in 5. Although the diagrams are qualitatively similargood job of calculating, when used in path integral simula-
there are certain features of interest that can be obsetwed. tions!®. The excess quantum free energies are obyt&ited ffom
the classical phase diagram the melting lines are shifted tthe integration of the results of Figure 1b. It is evident thia
higher temperatures, and solid-solid transitions araeshifo = 200K nuclear quantum effects significantly influence the fre
higher pressures (for a given temperature) with respedteo t energies of the solid phases of water. By comparing the re-
guantum phase diagram. Another important difference besults of ice Il at both 1 and 4112 bar it is seen that pressure
tween the classical and quantum phase diagrams is that tliecreases the magnitude of nuclear quantum effects at a give
region of the phase diagram occupied by ice Il is signifigantl temperature although the increase is sma0&0dn NKT units
reduced in the classical treatment. In fact in the classiggd ~ for the considered pressures). The relative ordering irchvhi
tem the ice lI-1ll transition is shifted to much lower temper the excess free energy increases sV, V, Il and finally 1.
tures and ice Il is stable only for temperatures below 80KsTh  The tetrahedral order parametey®?°3, was designed to
shrinking of the ice Il phase is consistent with recent figdin measure the degree of tetrahedral ordering in liquid wager:

by Habershon and Manolopoufswho found that in classi- is defined as:

cal simulations of the g-TIP4P/F mod&lice 1Il occupies the 33 4 1\ 2

region of stability of ice Il. This indicates that nuclearaou G = <1— = (cos(ej,i,k) + ) > 9)
tum effects play a significant role in determining the regién 8 j=1k=]+1 3

stability of ice Il in the phase diagram of water. where the sum is over the four nearest (oxygen) neighbours
It would be useful to have a rational guide to understandyf he oxygen of thé-th water molecule. The ang, x is

the changes in the phase diagram observed.when including o angle formed by the oxygens of molecujeisandk,éxy—

nuclear quantum effects. For this purpose the integrandiof E e forming the vertex of the angle. The tetrahedral order

4, which facilitates the determination of the quantum €Ces parameter has a value of 1 for a perfect tetrahedral network,
free energy, is shown in Figure 1b at a temperature of 200K

= - ‘ and 0 for an “ideal gas” of oxygen centres. We shall make
The average kinetic energy of a harmonic oscillator of masg,se of this descriptor in order to try to rationalise our Hesu
M = M/A’ and frequency = v/A'vg is given by?°:

The value ofg; of each solid at T=200K was obtained by an-
hvo hvo nealing the solid structure while keeping the equilibriunitu
(K)= 4WC0th(2k T W) : (6)  cell of the system. In 6, the excess free energy is plotted as a
8 function ofq; for the proton disordered ices, namely llll, V
Upon performing a Taylor series expansion abbut= 0 one  and VI at a pressure of around 3600 bar and a strong correla-
obtains: tion is evident. Ice Il has a large valug, = 0.83, however,
1 ) 4 the impact of nuclear quantum effects on this ice phase are
(K) — kT _ 1 (hw)* 1 (hw) A 4+o(h?2 (7) smaller than in the rest of the ices. Since ice Il is the only
Al 24 kT ~ 1440(ksT)3 proton ordered solid considered in this work, it is cleart tha
dn this case the fixed relative orientations between moéecul
are playing an important role in determining the magnituide o
the nuclear quantum effects. It would be useful to evaluste t
impact of nuclear quantum effects on the fluid phase. At 200K

For the rigid water model used in this work, one can describ
the solid phases by a set dii®scillators (i.e. phonons). By
assuming a unique frequency, as in an Einstein like model, on

arrives at:
the fluid is highly supercooled thus is difficult to evaluate i
(K)/NkgT—3 1 /hwp\> 1 [hw 4)\, P G®™Q. The difference between the total kinetic energy of a
A “4\kgT/) 240\ ksT +O(R) phase and that of the corresponding classical system umegler t

(8) same conditions also provides an estimate of the magnitude o
Thus for the Einstein model the integrand of Eq. 4 is well be-nuclear quantum effects. One can see in 1 that at 300K and
haved and has both a finite value and a finite negative slope 45400 bar the kinetic energy of liquid water is only slightly
A" =0 . The results presented in Figure 1b are indeed contower than that of ice VI. This indicates that the magnitutle o
sistent with this predicted behaviour. From Figure 1b is isnuclear quantum effects in the liquid is smaller than that of
possible to estimatey from either the slope or the intercept, the ice with smallest nuclear quantum effects, ice VI. This i
obtaining “Einstein” like frequencies between 550 ¢nand  consistent with the low valug = 0.58 of the tetrahedral order
450 cnm! depending on the phase. These are typical valueparameter found for the fluid phase at 300K and 15408%ar
for intermolecular librations in water, which are locategt b It appears that the importance of nuclear quantum effeets in
tween 50 cm? and 800 cmi!. A recent study has shown that creases as the strength of the intermolecular hydrogen-bond
one can reproduce the heat capacity of jceding a selection ing increases. The strength of the hydrogen bonding seems tc
of six fundamental frequencies selected from this r&hgé correlate (with the exception of ice Il) with the value of the

This journal is © The Royal Society of Chemistry [year] Journal Name, 2010, [vol], 1-10 |5
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tetrahedral order parameter. For example, in jcéhe first a5 b
four nearest neighbours of a given molecule are located in
perfect tetrahedral arrangement which is the optimum situa’” sf-
tion to have a strong hydrogen bond. For the rest of the icez |
(and for water) the four nearest neighbours of a moleculafor g 25
a distorted tetrahedron and therefore the strength of the hy
drogen bond should decrease. The greater the strength of tt  *[ a
hydrogen bond the higher the frequency associated with-the |
brational mode, and therefore the higher the impact of raucle
quantum effects.

The change of the coexistence pressure for a certain ten
perature due to the inclusion of nuclear quantum effects ca
be approximated reasonably well by the expression

ngQ _ GiX'Q
W Fig. 1 (a) Integrand of Eq. 5 (i./Kg — Ka)/(A’NKT)) as a
function of A’ for transitionsA — B. Key: red line with¢ is liquid-Iy,
where the properties on the right hand side are evaluated gt 282K andp = 1bar, magenta line witfl is 1I-V at 200K and
Pclassical It follows from Eqg. 10 that the impact of nuclear p=4112bar, blue line witll is 1-VI at 200K andp = 1bar,
guantum effects on a given phase transition depends on theagenta line witha is V-VI at 200K andp = 9505bar, blue line
difference of the excess quantum free energy between the twawith O is In-Ill at 200K andp = 3306bar, and the red line withis
phases, and on the volume change. The excess free energyll at 200K andp = 1bar. Error bars (only shown for liquigh)

difference between phases decreases in the following :ordefépresent the standard error. (b) Integrand of Eq. 4 for seicembt
liquid-In, 11-1, liquid-111, 11-111, liquid-V, NIl 4, 1=V, liquid- 200K. Results were obtained using path integral simulations of the

VI and finally 11-VI. The impact of nuclear quantum effects TIP4PQ/2005 model. The lines correspond to a fit of the simulation

on a certain phase transition will be small when the Volumeresults to a second order polynomial. Results (from top to bottom)
P correspond to ice,lat 3306bar, ice 11l at 3306bar, ice V at 4112bar,

change of the phase transition is large, and large when the || 4t 4112bar, ice 11 at 1bar and ice VI at 1 bar. The integral of
volume change is small. Volume change along the phase tragse crves (from O to 1) yield&®*Q/(NKT) which results in (from
sitions of water are presented in 4. Taking these two factorgop to bottom) 3.11, 2.91, 2.80, 2.68, 2.60 and 2.59.

into account it is clear that the II-1ll phase transition i®sh

affected by nuclear quantum effects (i.e. the excess free en

ergy difference is large and the volume change is smallj, folphases over a wide range of temperatures and pressures. With
lowed by the melting curves of ices (decreasing in the ordesome delay with respect to the original contributors, thiskw

3) /N
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liquid-lp, liquid-IIl, liquid-V). This is followed by the transi-
tions 11, [1I-V and I y-111. Finally the liquid-VI and the 11-VI
coexistence lines are those least affected by nuclear gpmant
effects.

4 CONCLUSION

This work illustrates that the calculation of the phase diay
of water, including nuclear quantum effects, is now feasibl
although admittedly it is computationally expensive (ef@n

the simple model considered in this work 8 CPU’s were re-

quired for about 2 years to obtain the phase diagram pre=*: ) i X
gaid, path integral simulations of the TIP4PQ/2005 modsl ha

sented). The impact of nuclear quantum effects on phase tra

shows that a simple modification of the water model proposed
by Bernal and Fowlét in 1933, can reproduce reasonably
well the experimental phase diagram of water determined by
Bridgmanrt in 1912, providing results at low temperatures
consistent with the Third Law first stated by Nernst in 1906.

In concluding this work it is worth commenting on the use
of a rigid non-polarisable model to represent water. Nélgura
in reality water is both flexible and polarisaBfeso it goes
without saying that this work is far from the last word on the
matter, and the results presented here form only a way-point
on the long road to obtaining a definitive model of water that
describes all of the facets of this intriguing molecule. Tha

sitions is significant and can be rationalised in terms of thé’rovided us with the best phase diagram of water calculatec

degree of tetrahedral ordering of the different phases &nd d

the magnitude of the volume change involved in each phase N )
F1S2010-15502 of the Diredan General de Investigam and

transition. The TIP4PQ/2005 model yields a reasonable pr

diction of the experimental phase diagram of water. The sim*

ulation results are consistent with the Third Law of thermo-
dynamics and predict rather well the densities of the diffier

o-date.
This work was funded by grants FIS2010-16159 and

S2009/ESP-1691-QF-UCM (MODELICO) of the Comunidad
Autbnoma de Madrid. The authors would like to thank Prof.
J. L. F. Abascal for many helpful discussions.
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Monte Carlo cycles

Fig. 2 Plot of the total energyH) per particle from the liquidy
direct coexistence simulations of the quantum system-atl bar.
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Fig. 3 Phase diagram of water from path integral simulations of the
TIP4PQ/2005 model. Experimental results (blue points) are also

shownt:56
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Fig. 4 Molar volume change/{v = vg — va) along the phase

temperature (K)

boundaries from (Left) path integral simulations and (Right)
experimental resulfs (w indicates the liquid phase).
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Fig. 5 Classical phase diagram of the TIP4PQ/2005 model (dashed
blue lines) compared to the diagram obtained from path integral
simulations (solid red lines).
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Fig. 6 Correlation between the excess quantum free energy and the
tetrahedral order parameter for ices at 200K pre 3600 bar. For

ice VI the excess quantum free energy at 1 bar was increased by
0.08NKT to estimate its value at 3600 bar.
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Table 1 Densities of ices and liquid of water (in g/érunder different thermodynamic conditions. All results were obtaineg= 1bar,
except the two labelled with an asterisk for whigk= 15400 bar. Experimental densities for ice 11l correspond to the @xeetal values for
ice IX (246, 957 the proton ordered form of ice I1l. Experimental results are frorfs#&46:58-60The average values bf andK obtained
from simulations (kcal/mol) are also shown.

Phase T(K) p(sim.) p (exp.) U K

Ih 82 0.927 0.932 -14.302 1.914
Il 82 1.189 1.211 -14.136 1.774
Il 123 1.185 1.190 -14.046 1.837
[ 82 1.148 1.169,1.16( -14.040 1.863
Vv 82 1.252 1.249 -13.883 1.808
VI 82 1.335 1.335 -13.745 1.790
VI(*) 300 1.383 1.391 -13.055 2.475
liquid(*) 300 1.312 1.311 -11.997 2.395
liquid 300 0.997 0.996 -11.897 2.366
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The phase diagram of water from path integral simulations of the TIP4PQ/2005
model.
Experimental results (blue points) are also shown.
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