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Path integral simulations have been performed to determine the temperature of the maximum in
density of water of the rigid, nonpolarizable TIP4PQ/2005 model treating long range Coulombic
forces with the reaction field method. A maximum in density is found at 280 K, just 3 K above the
experimental value. In tritiated water the maximum occurs at a temperature about 12 K higher than
in water, in reasonable agreement with the experimental result. Contrary to the usual assumption that
the maximum in classical water is about 14 K above that in water, we found that for TIP4PQ/2005
this maximum is about 30 K above. For rigid water models the internal energy and the temperature
of maximum density do not follow a linear behavior when plotted as a function of the inverse of the
hydrogen mass. In addition, it is shown that, when used with Ewald sums, the TIP4PQ/2005
reproduces quite nicely not only the maximum in density of water, but also the liquid densities, the
structure of liquid water and the vaporization enthalpy. It was shown in a previous work that it also
reproduces reasonably well the density and relative stabilities of ices. Therefore the TIP4PQ/2005
model, while still simple, allows one to analyze the interplay between quantum effects related to
atomic masses and intermolecular forces in water. © 2009 American Institute of Physics.
关doi:10.1063/1.3239471兴
I. INTRODUCTION

One of the fingerprint properties of water is the existence
of a maximum in density as a function of temperature at
constant pressure that occurs at about 4 K above melting at
normal pressure. With the increase in computer power it has
been possible to show that popular water models exhibit a
maximum in density, although at temperatures well below
the experimental value.1 In the last years, several water models 关TIP5P,2 TIP4P/2005 共Ref. 3兲兴 that reproduce the experimental value of the temperature of maximum density 共TMD兲
using classical simulations have been proposed.
The maximum in density for water 共H2O兲, heavy water
共 2H2O兲 and tritiated water 共 3H2O兲 occurs at 3.98, 11.18, and
13.40 ° C, respectively. This shift in the TMD must be due to
the existence of quantum effects related to the atomic masses
and cannot be described by classical simulations 共which
would predict the same value of the TMD regardless of the
molecular mass兲. Path integrals 共PIs兲 can be used to simulate
quantum effects in water.2,4–9 It seems now of interest to
study in more detail the atomic mass quantum effect on the
TMD. A crucial issue is the choice of the water model. The
models developed for classical simulations incorporate implicitly quantum effects through the fit of the effective potential parameters to experimental data. In general if PI simulations are performed with a good classical model the
agreement with experiment will deteriorate.10,11 Since good
water models usually reproduce reasonably well the TMD of
a兲
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water it seems important at this point to have water models
able to reproduce the TMD of water within PI simulations. In
fact recently Fanourgakis and Xanteas12 have proposed a
flexible polarizable model 共TTM2.1-F兲 that presents a density maximum8 at about 273 K when quantum effects are
included 共although the liquid densities are about 4% higher
than in experiment兲. Mahoney and Jorgensen2 proposed a
quantum version of the rigid nonpolarizable model TIP5P,
denoted as TIP5P共PIMC兲, which exhibits a density maximum at about 273K. Habershon et al.13 have recently proposed a promising flexible nonpolarizable version of the
TIP4P/2005 model, which has been denoted as q-TIP4P/F,
with a density maximum at 279 K and providing good liquid
densities when including quantum effects. Also by studying
the properties of ices we have proposed14 a new version of
TIP4P/2005, denoted as TIP4PQ/2005, that reproduces
nicely the properties of the solid phases of water 共within PI
simulations兲. Although the model was developed for ices it
would be of interest to check if this model is able to reproduce the TMD of real water.
A second issue of interest is to analyze in detail if PI
simulations are able to predict the increase in the TMD with
the molecular mass found experimentally. That would help to
establish approximately the location of the TMD of water
when treated classically 共that would also correspond to the
TMD of infinitely heavy water兲. By using the experimental
values of the TMD for H2O, 2H2O, and 3H2O Stillinger and
Rahman15 and Guillot16 already speculated that the TMD in
the classical limit 共i.e., extrapolating to infinite hydrogen
mass兲 should be about 14 K higher than in real water. To
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III. RESULTS AND DISCUSSION

The temperatures at the maximum in density along the
isobar p = 1 bar for H2O, and classical TIP4PQ/2005 water
are given in Table I and the results are presented graphically

System

TIP4PQ/2005

Expt.

307共2兲
296共3兲
284共2兲
280共2兲
310共2兲
285共2兲
282共2兲

–
286.55
277.13
277.13
–
277.13
277.13

Classical H2O 共RF兲
3
H2O 共P = 5兲 共RF兲
H2O 共P = 5兲 共RF兲
H2O 共P = 7兲 共RF兲
Classical H2O 共Ewald兲
H2O 共P = 5兲 共Ewald兲
H2O 共P = 7兲 共Ewald兲

in Fig. 1共a兲. The TMDs have been located by fitting the
densities in the neighborhood of the maximum to a cubic
polynomial function. The TMD of quantum H2O 共with the
TIP4PQ/2005兲 is located at 284共2兲 K when using P = 5 and
280共2兲 K when using P = 7. Although the two results are
quite close it seems that the temperature of the maximum
moves to slightly lower temperatures as the number of beads
is increased, and it could eventually get closer to the experimental value by further increasing the number of beads.
The TMD of the classical model 共using RF兲 is located at
307共2兲 K. Thus quantum effects shift the TMD of water by
about 23共4兲 K if the results with P = 5 are considered, or by
about 27共4兲 K if the results for P = 7 are considered. Mahoney and Jorgensen2 found a similar shift for the TIP5P
model. It is clear that for rigid models of water the difference

(a) 1.02
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Quantum effects on the molecular orientation will be
incorporated by using a method developed by Müser and
co-workers18,19 to perform PI simulations of rigid bodies.
The method has been described in detail elsewhere. The
present calculations do not include intramolecular nuclear
exchange effects, since those are only expected to be relevant
at very low temperatures. The use of a rigid model will allow
us to reduce the number of replicas 共beads兲 used in the discretization of the PI from about P = 32 共flexible model兲7,20 to
about P = 5 共rigid model兲.2,6,21 This is due to the fact that a
larger value of P is required to describe the intramolecular
vibration. Since in general the evaluation of the TMD requires extremely long runs, reducing the value of P will
reduce significantly the computer time.
The simulation box contained 360 water molecules in
the classical simulations and 300 in the PI Monte Carlo
共PIMC兲 simulations. Five or seven beads 共P = 5 or P = 7兲
were used to describe water within the PIMC simulations.
We have indeed found that using P = 5共7兲 the energies are
always within 3% 共2%兲 of the value predicted for much
larger values of P. The potential was truncated at 8.5 Å.
Standard long range corrections 关i.e., g共r兲 = 1兴 have been
added to the Lennard-Jones contribution, and the Coulombic
interactions are corrected using the reaction field 共RF兲
method, which has been shown to provide reasonable results
for liquid water.22,23 Reaction field reduces the computational
cost by a factor of about 3 compared to the use of Ewald
sums. Finally, we have also computed the TMD using Ewald
sums, as this is the approach that has been used in the fit of
the model. The density for 6–7 temperatures along the isobar
p = 1 bar was estimated by performing simulations of around
4 million MC cycles each.

TMD 共K兲

ρ (g/cm )

II. METHODOLY

TABLE I. TMD at p = 1 bar as obtained from PIMC simulations for water
共using P = 5 and P = 7 replicas兲, tritiated water 共P = 5兲 and classical water
with the TIP4PQ/2005 model.
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estimate the value of the classical limit of the TMD for water
it was assumed that this temperature is a linear function of
the inverse of the mass of the hydrogen isotope.
In this work water will be described using the TIP4PQ/
2005 model potential. This model is essentially identical to
TIP4P/2005 except for the fact that the charge has been increased from the original value of 0.5564e to 0.5764e. With
this simple modification the model is able to reproduce the
gOO of ice Ih and the densities and relative energies of the
different ices.14 Such an increase in the proton charge has
already been suggested elsewhere.2,7 Habershon et al.13 did
not modify the charges of the original TIP4P/2005 but effectively increased the dipole moment of the model by introducing flexibility. Thus it seems that in all these cases the increase in the dipole moment of the molecule compensates for
the introduction of nuclear quantum effects. Since TIP4P/
2005 is a respectable model for classical simulations,17 it is
of interest to explore the performance of their quantum counterparts.

ρ (g/cm )
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FIG. 1. Density along the isobar p = 1 bar for water as obtained from PIMC
simulations with P = 5 and P = 7 replicas and for classical water with the
TIP4PQ/2005 model, treating the Coulombic forces with 共a兲 RF, and 共b兲
Ewald sums. The error in the density is about 0.001 g / cm3. The dashed and
dotted lines are fits to the results of the simulations. Experimental results are
also shown.
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FIG. 2. Total energy for liquid water and isotopically substituted water at
T = 298 K as a function of the inverse of hydrogen mass, as obtained from
NVT PIMC simulations treating the Coulombic forces with Ewald sums.
The selected number density is that of real water at room T and p 共which
yields a density of  = 0.9970 g / cm3 for water兲. We used P = 10 for H2O,
P = 7 for 2H2O and 3H2O, and P = 4 for 6H2 32O and 12H2 64O. The red circle
shows the results of classical simulations. The straight line is a fit to the data
for H2O, 2H2O, and 3H2O.

between the TMD of water and classical water is of about
30 K. This shift differs from the estimate of 14 K previously
suggested.16,24
In order to investigate the variation of quantum effects
with the mass of the molecule 共specially that of the hydrogen
atoms兲 we performed NVT PIMC simulations at room temperature with the TIP4PQ/2005 model for several liquids of
isotopically substituted water, including real species, such as
H2O, 2H2O, and 3H2O, and some imaginary species, such as
6
H2 32O and 12H2 64O. The variation in the total energy with
the inverse of hydrogen mass is shown in Fig. 2. It can be
seen that the dependence on the total energy is not linear.
Besides, a linear extrapolation of the data of H2O, 2H2O, and
3
H2O as a function of the inverse mass would also lead to a
value in the classical limit that differs by about 4% of the
true one. Thus for a rigid model of water the energy does not
follow a linear behavior when plotted as a function of the
inverse of the hydrogen mass. It is likely that the same applies to other thermodynamic functions. It seems reasonable
to think that nuclear quantum effects on the TMD of water
may be larger than expected, and that the previously estimated 14 K shift may be somewhat low.
What is the value of the TMD of classical water? This
question cannot be answered from experiment since isotopes
of hydrogen heavier than tritium are not available. It could
be answered by computer simulation combining PI simulations and the exact value of the potential energy surface.
Unfortunately such a surface is not available yet so that all
descriptions of the potential energy surface are only approximate. That may explain why the melting temperature of ice
Ih found from DFT simulations is of about 415 K,25 why the
melting point of the potential TTM2.1-F is of about 228 K,26
and why the melting point of the q-TIP4P/2005 is of about
251 K 共Ref. 13兲 共the melting point of the TIP4PQ/2005 is
probably close to that found by Habershon et al. for
q-TIP4P/F兲. It is somewhat frustrating that three models
which are able to reproduce the location of the TMD of
water 共i.e., TTM2.1-F, q-TIP4P/F and TIP4PQ/2005兲 fail to
reproduce the melting point of ice, predicting differences between the TMD and the melting point temperatures of about
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42 K 共Ref. 26兲 for the TTM2.1-F and of about 28 K 共Ref. 13兲
for the q-TIP4P/F, which should be compared to the experimental value of the shift, 4 K. This drawback is also manifested in classical simulations with rigid models, for which a
difference of about 21–37 K was found.1,27 Since all these
models are approximate it is not obvious which one would
yield better estimates of the TMD of classical water. In fact
for the TTM2.1-F 共a flexible polarizable model兲 the temperature of the TMD is predicted to be roughly the same for
water and classical water,8 a surprising result when one considers that experimentally the TMD of 3H2O is 9 K higher
than that of water. We have computed the TMD for tritiated
water 共 3H2O兲 using the TIP4PQ/2005 model and five replicas 共P = 5兲. We obtained that the TMD is located at 296 K, a
temperature 12 K above that of water 共using the same number of beads兲. The trend is predicted correctly although the
magnitude is overestimated. It is likely that the most accurate
estimate of the TMD of classical water would be that obtained from a model predicting a shift of 9 K 共the experimental value兲 in the TMD of 3H2O with respect to H2O. In any
case it is clear that the simple rigid model used here 共which
cannot describe the deformation of the molecular geometry
with the hydrogen isotope suggested by the experiments28兲
does at least a reasonably qualitative job in describing the
experimental shift of the TMD from H2O to 3H2O.
Although RF reduces considerably the computer time it
would be of interest to determine the TMD of the TIP4PQ/
2005 by using Ewald sums. Note that the TIP4PQ/2005 was
parameterized using Ewald sums for the solid phases of
water.14 The calculated densities and energies along the isobar p = 1 bar using Ewald sums for P = 5 and P = 7 are given
in Table II and the corresponding TMDs are given in Table I.
In Fig. 1共b兲 these data are shown together with the experimental results. By comparing the results of quantum 共P = 7兲
and classical simulations, it is observed that quantum effects
共in the total energy E兲 amount to about 1.8 kcal/mol in this
range of temperatures. The main contributions to the quantum effects come from the rotational kinetic energy 共about
0.6 kcal/mol兲 and from the potential energy 共about 1.2 kcal/
mol兲. Quantum effects over the translational kinetic energy
are much less important. By comparing with the data of Fig.
1共a兲 it is seen that densities obtained by using Ewald sums
are about 0.006 g / cm3 lower than those obtained from the
RF technique and closer to the experimental results. The
TMD is located at 285共2兲 K when using P = 5 replicas and at
282共2兲 K when using P = 7. Similarly to what was found with
RF, the increase in the number of replicas seems to shift the
TMD to slightly lower temperatures. In summary, the use of
Ewald sums reduces the densities but does not modify much
the location of the temperature of the TMD. The TIP4PQ/
2005 model with Ewald sums yields a TMD located around
282共2兲 K, and with densities close to the experimental values
共the deviation from experimental densities is smaller than
1% in the whole range of temperatures studied兲. By using
Ewald sums we have computed the vaporization enthalpy
and structure at room pressure and temperature. The vaporization enthalpy of the model was found to be of 10.56 kcal/
mol 共with the self-energy correction proposed by Berendsen
et al.29 for nonpolarizable models兲, which is in very good
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TABLE II. Densities and contributions to the total energy E as a function of temperature along the isobar p
= 1 bar using PIMC simulations with P = 5 and P = 7 replicas for TIP4PQ/2005 water. The long range Coulombic interactions were treated using Ewald sums. U stands for potential energy, and Ktras and Krot for translational
and rotational kinetic energy, respectively. Energies are given in kcal/mol and densities in g / cm3. The uncertainty is about 0.001 g / cm3 in the density, 0.001 kcal/mol in the translational and rotational energies, and 0.01
kcal/mol in the potential and total energies. For P = 5 and P = 7, the classical kinetic energy 共translational or
rotational兲, i.e., 3 / 2RT, is also given for comparison with the quantum value.
T 共K兲

3 / 2RT

Ktras

Krot

U

E



exp

P=1
280
290
300
310
320
340

0.834
0.863
0.893
0.923
0.953
1.012

0.834
0.863
0.893
0.923
0.953
1.012

0.834
0.863
0.893
0.923
0.953
1.012

⫺13.297
⫺13.116
⫺12.939
⫺12.767
⫺12.600
⫺12.281

⫺11.629
⫺11.390
⫺11.153
⫺10.921
⫺10.694
⫺10.257

0.9960
0.9999
1.0024
1.0032
1.0025
0.9983

0.9999
0.9988
0.9965
0.9934
0.9894
0.9795

P=5
250
260
270
280
290
300
320

0.744
0.774
0.804
0.834
0.863
0.893
0.953

0.824
0.850
0.877
0.904
0.930
0.957
1.011

1.345
1.354
1.364
1.372
1.383
1.395
1.420

⫺12.662
⫺12.507
⫺12.352
⫺12.201
⫺12.067
⫺11.923
⫺11.656

⫺10.492
⫺10.302
⫺10.111
⫺9.925
⫺9.754
⫺9.571
⫺9.224

0.9869
0.9935
0.9972
1.0001
0.9978
0.9979
0.9928

0.9913
0.9970
0.9995
0.9999
0.9988
0.9965
0.9894

P=7
250
260
270
280
290
300
320

0.744
0.774
0.804
0.834
0.863
0.893
0.953

0.825
0.853
0.878
0.905
0.931
0.958
1.012

1.387
1.392
1.397
1.406
1.414
1.425
1.445

⫺12.599
⫺12.442
⫺12.290
⫺12.152
⫺12.013
⫺11.876
⫺11.615

⫺10.386
⫺10.197
⫺10.015
⫺9.842
⫺9.667
⫺9.493
⫺9.157

0.9874
0.9955
0.9977
0.9992
0.9986
0.9969
0.9926

0.9913
0.9970
0.9995
0.9999
0.9988
0.9965
0.9894

shorter distances in deuterated water than in water, i.e., the
same trend found in experiments. Note, however, that it is
likely that a quantitative agreement with experiments cannot
be obtained with a rigid model with the same geometry for
water and deuterated water, as it has been found experimentally that the geometry of water changes somewhat upon
isotopic substitution of hydrogen.28,31
Thus the TIP4PQ/2005 appears as a reasonable and computationally cheap model which allows one to study the in4

Expt.
H2O (P=7) (Ewald)
H2O (P=1) (Ewald)

3
2

gOO

1

g(r)

agreement with the experimental value 共10.52 kcal/mol兲.
From the data given in Table II, it is also possible to compute
the heat capacity at constant pressure by simply fitting the
enthalpy 共H = E + pV兲 to a quadratic polynomial function, and
taking the derivative of the enthalpy with respect to the temperature. PIMC simulations with the TIP4PQ/2005 model
共P = 7兲 predict a heat capacity of 17.7 cal mol−1 K−1 at
280 K, which compares quite well with the experimental
result, 17.9 cal mol−1 K−1. This supposes an improvement
over classical simulation with the TIP4P/2005 model that
give a heat capacity of about 21.5 cal mol−1 K−1 at this
temperature.
In Fig. 3 the structure of the liquid is presented together
with experimental data. As it can be seen the predictions of
the TIP4PQ/2005 model agree reasonably well with the experimental values.30 In addition, we have also calculated the
effect of hydrogen mass on the structure of the liquid 共see
Fig. 4兲. Quite recently, Soper and Benmore28 have measured
the differences in the structure of water and deuterated water
at room pressure and temperature, and these data can be used
as a further test of our model. The results of the PIMC simulations agree qualitatively with experimental results. In
agreement with the experiments, the peaks in the oxygenoxygen distribution function are lower and broader in water
than in deuterated water. Moreover we found that the first
peak in the hydrogen-hydrogen function is located at slightly

0
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gHH
1
0

2

3
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FIG. 3. Atomic distribution functions of liquid water at T = 298 K and 
= 0.9970 g / cm3 as obtained from quantum 共P = 7兲 and classical 共P = 1兲
simulations with the TIP4PQ/2005 model. Experimental data 共Ref. 30兲 are
also shown.
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2005 and q-TIP4P/F 共which all belong to the TIP4P/2005
family兲 may help to clarify the importance of quantum
effects32 共both intermolecular and intramolecular兲 on the
properties of water.
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FIG. 4. Atomic distribution functions of liquid water and deuterated water at
T = 298 K and p = 1 bar as obtained from quantum 共P = 7兲 simulations with
the TIP4PQ/2005 model.

terplay between quantum effects related to atomic masses
and intermolecular forces 共which yield the librational bands
located below 900 cm−1 in the IR spectrum兲. The TIP4PQ/
2005 共with Ewald sums兲 reproduces reasonably well the
properties of ices,14 the TMD of real water, the liquid densities, the structure and the vaporization enthalpy. The difference between the TMD of the quantum and classical simulations is of about 30 K for this model. This shift of 30 K is
an upper limit for the difference between the TMDs in the
quantum and classic limits of real water, as we have found
that the model predicts an increase in the TMD when going
from H2O to 3H2O, which, even though agrees qualitatively
with the experimental trend, overestimates the magnitude of
the shift. For rigid models the classical limit cannot be estimated by extrapolating linearly the results of light isotopes
because the properties are not linear functions of the inverse
of the hydrogen mass.
Obviously only flexible models can deal with the mass
dependent quantum effects on the intramolecular degrees of
freedom 共stretching and bending which appear at frequencies
above 1200 cm−1 in the IR spectrum兲. However, it should
also be pointed out that since flexible models are also approximate they may yield quite different predictions for the
behavior of classical water 共as an example the ratio of the
diffusion coefficient Dquantum / Dclassical has been predicted to
be 1.4 and 1.1, respectively, using two different flexible
models13兲. Nevertheless it is expected that in the future, the
comparison between the results of TIP4P/2005, TIP4PQ/
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