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In 1984 Frenkel and Ladd proposed the “Einstein crys-
tal method,” a novel scheme to compute the free energy of
a solid:1 the method is based on a thermodynamic integra-
tion of the Helmholtz free energy in the canonical ensemble
along a reversible path between the system of interest and an
ideal Einstein crystal with the same structure as the real solid,
whose Helmholtz free energy can be analytically computed.
In the ideal Einstein crystal, particles are attached to their lat-
tice positions via harmonic springs (of constant �E). More
recently, some of us have proposed the “Einstein molecule
method,”2, 3 a variant of the Einstein crystal to compute the
free energy of molecular solids. The main difference between
both methods is the choice of the reference system. In the
Einstein crystal the reference system is an ideal Einstein crys-
tal with the constraint of the center-of-mass of the system kept
fixed (to avoid a quasi-divergence of the integral of the free
energy change from the reference system to the real solid).
In the Einstein molecule the reference system is an ideal
Einstein crystal with the constraint of the position of one
particle kept fixed.

The Helmholtz free energy Asol(T , V ) computed with
the Einstein crystal/molecule calculations can be writ-
ten as Asol(T , V ) = A0(T , V ) + �A1(T , V ) + �A2(T , V ),
where A0 is the free energy of the reference system (includ-
ing corrections for the fixed point), whose analytical expres-
sion is slightly different in the Einstein crystal and Einstein
molecule, �A1 is the free energy difference between the ideal
Einstein crystal and the Einstein crystal in which particles
interact through the Hamiltonian of the real solid (“interact-
ing” Einstein crystal) and �A2 is the free energy difference
between the interacting Einstein crystal and the real solid.4

The expression for both �A1 and �A2 is the same in both
methods although its value may be different since the fixed
point (center-of-mass or a reference particle) is different (a
detailed description of these terms is provided as supplemen-
tary material5). In any case since the free energy of a solid is
uniquely defined, its value should not depend on the method-
ology used to compute it.2, 4

Besides the Einstein crystal methods other methods have
been developed in the last decade to estimate the free energy
of solids (or to determine the fluid-solid equilibria), such as
the phase switch method6 and an integration path to calculate
the Gibbs free energy difference between any arbitrary solid
and liquid proposed by Grochola.7 In spite of this progress
the number of groups performing free energy calculations for

solids is still small.8–10 Solid free energy calculations can be
easily adapted into Monte Carlo (MC) scheme, but it requires
one to write a la carte MC codes. Therefore, it seems of in-
terest to consider if these calculations can be implemented in
widely used open source molecular dynamics simulation pro-
grams such as GROMACS11 or LAMMPS.12 As far as we
are aware, free energy calculations of solids are not yet ex-
plicitly implemented in such packages and only recently free
energy calculations for alloys of copper and zirconium13 us-
ing LAMMPS through the Einstein crystal method have been
reported. Since GROMACS and/or LAMMPS incorporate the
possibility of using harmonic potentials restraining the posi-
tion of atoms (or even freezing the position of atoms) and
incorporate thermostats that can correctly treat harmonic os-
cillators (as for instance the new thermostat of Bussi et al.14),
it seems possible to perform Einstein crystal/molecule calcu-
lations for atomic solids using these programs. In this note
we shall use GROMACS and LAMMPS to compute the free
energy of solids of particles interacting via isotropic poten-
tials using either the Einstein crystal or the Einstein molecule
method. In particular we will compute the free energy of
Lennard-Jones (LJ) and of sodium chloride modeled via the
Joung-Cheatham (JC)-NaCl potential15 (using the SPC/E set)
which describes ion-ion interactions through a LJ potential
plus a Coulomb term. To confirm the results obtained with
GROMACS (G) and LAMMPS (L), calculations will be also
performed using a Monte Carlo code.

We have carried out free energy calculations for a
256 LJ-Argon spherically truncated and shifted (STS) at rc

= 2.7σ and for a 1372 LJ spherically truncated (ST) at
rc = 5σ . Results of the free energy calculations are presented
in Table I. For the LJ/STS system A0, �A1, and �A2 ob-
tained from MC and from MD (GROMACS/LAMMPS) are in
very good agreement, with a free energy difference lower than
0.03 NkBT (typical uncertainties in calculations of free energy
of solids being of 0.05 NkBT). The choice of a LJ spherically
truncated and shifted avoids the subtle issues arising when
comparing results obtained by MC and MD for a spherically
truncated potential.5, 16, 17 In the LJ/ST truncated at rc = 5σ ,
the free energy results obtained with MC and MD agree quite
well with each other and with previous calculations for the
same system size and thermodynamic state.2, 18, 19 It is clear
that the magnitude of problems arising with the discontinu-
ity of the potential at the cutoff are also quite small when the
cutoff distance is large enough (≈5σ ).
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TABLE I. Free energies of solids as obtained from Einstein crystal (EC) and Einstein molecule (EM) method-
ologies using MC or MD (G;L). N is the number of particles, rc is the cutoff distance of the LJ contribution.
Results for the LJ/STS and LJ/ST systems were obtained at T* = kBT/ε = 2 and ρ* = ρσ 3 = 1.28 for the
fcc structure. Results for the NaCl solid were obtained for the JC-NaCl model at T = 298 K and a volume of
V = 24.13 nm3. Free energies are in NkBT units.

N rc A0 �A1 �A2 Asol

EC
MC LJ/STS 256 2.7σ 13.61 − 3.14(1) − 7.36(3) 3.11(4)
G LJ/STS 256 2.7σ 13.61 − 3.14(1) − 7.35(3) 3.10(4)
L LJ/STS 256 2.7σ 13.61 − 3.14(1) − 7.36(3) 3.11(4)
MC LJ/ST 1372 5σ 13.68 − 3.69(1) − 7.40(3) 2.59(4)
G LJ/ST 1372 5σ 13.68 − 3.69(1) − 7.38(3) 2.61(4)
MC JC-NaCl 1000 14 Å 10.70 − 159.94(1) − 6.34(4) − 155.58(5)
G JC-NaCl 1000 14 Å 10.70 − 159.95(1) − 6.30(4) − 155.55(5)

EM
MC LJ/STS 256 2.7σ 13.64 − 3.14(1) − 7.39(3) 3.11(4)
G LJ/STS 256 2.7σ 13.64 − 3.14(1) − 7.38(3) 3.12(4)
L LJ/STS 256 2.7σ 13.64 − 3.15(1) − 7.40(3) 3.09(4)
MC LJ/ST 1372 5σ 13.69 − 3.69(1) − 7.40(3) 2.60(4)
G LJ/ST 1372 5σ 13.69 − 3.69(1) − 7.39(3) 2.61(4)
MC JC-NaCl 1000 14 Å 10.71 − 159.95(1) − 6.35(4) − 155.59(5)
G JC-NaCl 1000 14 Å 10.71 − 159.95(1) − 6.33(4) − 155.57(5)

Notice that although for a certain system size and Hamil-
tonian the computed free energy of a solid is unique, in gen-
eral the free energy of solids changes with the system size.
As a suggestion, in order to have a reasonable estimate of
the free energy of a solid, we recommend to use a relatively
large system size (with more than 1000 molecules) and to av-
erage properties over around 104–105 independent configura-
tions for evaluating �A1 and simulation runs of about 10 ns
for �A2. Moreover, the use of a large cutoff (above 4.5σ )
is recommended. In all LJ systems, both Einstein molecule
and Einstein crystal give the same value of the free energy
Asol, although the single contributions are slightly different in
both methodologies (as they should be). In the supplementary
material, we provide further details on the implementation,5

needed for GROMACS and LAMMPS to easily compute A0,
�A1, and �A2.

To show that the methodology also works for more com-
plex systems where particles interact via an isotropic poten-
tial, we calculate the free energy of NaCl using the Joung-
Cheatham potential.15 Results are presented in Table I. We
simulate a 1000 ions NaCl solid (at 298 K and the equilib-
rium density of the model at 1 bar). The free energies com-
puted from MC and GROMACS agree reasonably well (the
difference been of 0.03 NkBT) and are in good agreement with
previous calculations.20

To conclude, we have demonstrated that it is possi-
ble to compute the free energy of atomic solids using
GROMACS and LAMMPS for systems interacting with
spherical potentials such as Lennard-Jones, Yukawa, Morse,
and any continuous potential since both packages incor-
porate the possibility of using a tabulated numerical in-
termolecular potentials. We do hope that this work stim-
ulate more groups to perform free energy calculations for
solids. For future work it would be useful to analyze if
for molecular fluids the Einstein crystal/molecule calcu-

lations could also be performed with GROMACS and/or
LAMPPS.
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