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ABSTRACT: The freezing of water is greatly influenced by
the ice—water interfacial free energy. Yet, no consistent
experimental measures of this thermodynamic parameter can
be found. In this work we provide estimates for the ice Th—
water interfacial free energy at the normal melting temperature
for different crystal planes (basal, primary prismatic, and
secondary prismatic) using some widely used water models:
TIP4P, TIP4P/2005, TIP4P/Ice, and mW. To compute the
interfacial free energy, we use the mold integration method. It
consists in calculating the work needed to induce the

formation of a crystal slab in the fluid at coexistence conditions with the aid of a mold of potential energy wells whose
structure is that of the crystal plane under study. The basal plane has the lowest interfacial free energy in all models of the TIP4P
family. For the mW model we could not resolve differences in interfacial free energy between different orientations. The
interfacial free energies averaged over all crystal orientations we obtain are 27.2(8), 28.9(8), 29.8(8), and 34.9(8) mJ/m” for the
TIP4P, TIP4P/200S, TIP4P/Ice, and mW models, respectively. The averaged interfacial free energy increases with both the
melting temperature and melting enthalpy of the model. Moreover, we compute the interfacial free energy for several crystal
orientation of ice Ic using the TIP4P/Ice model and obtain within the accuracy of our calculations the same orientationally
averaged interfacial free energy as that of ice Ih. Our results are in good agreement with previous estimates of the interfacial free
energy based on a classical nucleation theory analysis of simulations of spherical ice seeds embedded in supercooled water.

B INTRODUCTION

The crystal nucleation rate and the shape and speed with which
crystals grow are greatly affected by the free energy cost of
forming an interface between the emerging crystal and the
surrounding fluid. Therefore, obtaining accurate values of the
crystal—fluid interfacial free energy is of central importance.'
Yet, there are no reliable experimental techniques to measure
such thermodynamic parameter. For instance, for the ice—water
interface values ranging from 2S5 to 35 mJ/m* have been
reported.”” A precise value for the ice—water interfacial free
energy, ¥, is needed, for instance, to interpret measurements
of the ice nucleation rate,”"* a property that plays an
important role in atmospheric physics and climate change
models."> ™"

In the absence of reliable experimental values, estimates of y;,
can be obtained from simulations of realistic water models. The
first direct calculation of y;, was performed using an improved
version of the cleaving method'®'"” for the TIP4P model.”’ In
ref 21 such calculations were improved by including full
electrostatic interactions, and in addition, values for the TIP4P-
Ew and TIPSP-E models were also reported. By employing a
method based on the analysis of capillary fluctuations,”” y;, was
recently computed for the TIP4P/2005° and mW water
models.”* With the exception of ref 24, all the calculations of ;,,
previously mentioned correspond to the flat ice—water interface
at the normal melting temperature of the model. To the best of
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our knowledge, these are the only direct calculations of y;,.
Given that the same model has not been studied by different
groups, more work is needed to reach a consensus on the value
of y;, for the most popular water models.

With the aim of establishing definite values for y;, for some
widely used water models, we perform direct calculations of y;,
using the mold integration (MI) method™ for the TIP4P,”
TIP4P/2005,” TIP4P/Ice,”® and mW>’ models. Our results
can also be useful to validate the analysis of simulation studies
of ice nucleation®’™3%387%6 using classical nucleation
theory.”’ =" These studies provide estimates of y,, for a curved
ice—water interface at temperatures below melting. The validity
of such estimates can be assessed by extrapolating the results to
coexistence conditions and comparing with direct calculations
of y;,- By contrast to the estimates based on nucleation studies,
where a ¥, averaged over all crystal orientations is obtained, the
method employed in this work allows for the calculation of ¥,
for specific crystal orientations. We compute ¥, for hexagonal
ice, ice Ih, and three different crystal planes exposed to the
fluid: basal, primary prismatic (pI), and secondary prismatic
(pII). We also evaluate y,, for the (111), (100), and (110)
planes of ice Ic. The comparison between the interfacial free
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energies of cubic (ice Ic) and hexagonal (ice Ih) ice can shed

light on the role of these stacking polymorphs in the initial
. . 10,32,37,40,41,52—60

stages of ice nucleation and growth.

B SIMULATION DETAILS

To simulate the TIP4P family models, we use molecular
dynamics with the GROMACS package.”’ All runs are
performed at constant pressure of 1 bar. Pressure is only
exerted along the direction perpendicular to the interface whose
growth is induced within the MI scheme. In our coordinate
system this is the x direction, so all runs are performed in the
Np,T ensemble. To avoid stress, the L, and L, edges of the
simulation box are fixed to a value consistent with the
equilibrium unit cell at coexistence conditions. All simulations
are run at the constant pressure of p = 1 bar, using an
anisotropic Parrinello—Rahman barostat®” with a relaxation
time of 0.5 ps. To fix the temperature, we employ a velocity-
rescale thermostat®® with a relaxation time of 0.5 ps. The time
step for the Verlet integration of the equations of motion is 1.5
fs. We use particle mesh Ewald summations®* to deal with
electrostatic interactions. The cutoff radius for both dispersive
interactions and the real part of electrostatic interactions is 14
A. The interaction between the mold and the water molecules
is provided to GROMACS in a tabular form (this precludes
using long-tail corrections for the Lennard—Jones interaction).
To simulate the mW model, we use a bespoke Monte Carlo
code. Monte Carlo runs are performed at 1 bar and in the Np, T
ensemble. The shifts for the trial displacements and volume
moves are tuned during equilibration to get an acceptance rate
of 35—45%. A Monte Carlo sweep consists in a trial
displacement move per particle plus a trial volume move.

B MOLD INTEGRATION METHOD

The MI method for the calculation of the crystal—fluid
interfacial free energy has been recently proposed by us.”’
There are other methods to directly compute the interfacial free
energy at coexistence,”>>*~7* but MI is particularly suited for
the present study because it can be combined with GROMACS
and it does not require a large number of particles. The MI
method was originally validated with the calculation of the
interfacial free energy of the Lennard-Jones and hard spheres
systems”” and later on applied to sodium chloride.”" We refer
the reader to these publications for a detailed description of the
method. In brief, the MI method consists in computing the
reversible work needed to induce the formation of a crystal slab
in a fluid at coexistence conditions (at the normal melting
temperature in our case, reported in Table 3 for the employed
water models). Such work is a Gibbs free energy difference,
AG, and is related to the interfacial free energy by

AG = 24y, (1)
where A is the area of the simulation box side in the direction
perpendicular to the mold (the factor of 2 is due to the fact that
two interfaces are generated). The formation of the crystal slab
is induced by switching on an attractive interaction between a
mold composed of potential energy wells and the fluid particles.
The wells are placed in the equilibrium positions of the oxygen
atoms of the ice lattice plane of interest at coexistence
conditions. In Figure 1 we show a mold for the plII plane, and in
Figure 2 we show how such mold is able to induce the
formation of an ice slab in liquid water at coexistence
conditions. If the interaction between the wells and the oxygen
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Figure 1. y—z projection of a mold of 128 potential wells placed at the
oxygen lattice positions of a pII plane at the TIP4P/Ice coexistence
conditions (p = 1 bar, T = 270 K).

Figure 2. Snapshots of a TIP4P/Ice configuration at 1 bar pressure
and 270 K (coexistence conditions). The mold of potential energy
wells is represented by the green spheres. Its interaction with water
molecules is switched off in (a) and on in (b). The radius of the mold’s
wells is 0.91 A in this case.

atoms of the water model is square-well-like (with maximum
well depth €, and well radius r,,), 7,, can be obtained as™

1 €
R = 35Ny = [ de (N, 1) o

where N,, is the total number of wells and (N (¢)) is the
average number of filled wells obtained in the Np,T ensemble
for wells of depth e. Basically, one has to perform
thermodynamic integration along a path in which the depth
of the wells is gradually increased to its maximum value, €,
The integration in eq 2 must be reversible. To ensure
reversibility, the structure induced by the mold must quickly
disappear when the interaction between the mold and the fluid
is switched off. Therefore, one has to make sure that the ice slab
does not fully form in the integration. This is prevented by
performing thermodynamic integration for wells whose radius
is wider than a certain value r9. In practice, ,,(r,,) is estimated
for several values of r,, > r2, and then y,,(r,,) is extrapolated to
rey which is the well radius that gives the correct value of ¥,
(see ref 25).

To implement the well—oxygen interaction, v,,, in molecular
dynamics, we use a continuous version of the square-well

potential:**
)] 3)

1
Yo = —56[1 - tanh(
where r is the distance between the well center and the oxygen
atom with which the well interacts, and @ is a parameter that
controls the steepness of the well’s walls. & cannot be too large

r—=ry

a
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to avoid strong forces acting on the particles trapped inside the
wells. We find that @ = 0.017 A works well for the case of water.

B RESULTS

Determination of ry. The first step is to make sure that
one is indeed able to induce an ice slab using the selected mold.
This should happen for small well radii. In Figure 2 we show
that using a pII mold with well radius = 0.91 A, an ice slab does
grow from the fluid. Note that only the oxygen atoms interact
with the mold. Once the mold is filled with oxygens the system
is able to build up the hydrogen bond network on its own.

After having tested the ability of the molds to induce the
formation of an ice slab, the next step is to find the optimal well
radius, r%, (that for which the right y,, is obtained). This is done
by performing several trajectories for different r,’s, all starting
from a fluid configuration. The mold is fully switched on (€ =
€m) at the beginning of each trajectory. If r,, < 79, an ice slab
should grow in all trajectories with no induction period given
that there is no free energy barrier for the formation of the
crystal. On the contrary, if r,, > 1y, a barrier must be overcome,
which is reflected in some trajectories having an induction
period before the slab grows or even in no slab formation at all
if r,, is too large.”” To know if a crystal slab grows, we monitor
ny, the number of molecules in the largest crystal cluster (to
compute n, we follow the procedure described in ref 30 that
makes use of the order parameter proposed in ref 72). The
trajectories used to find ry, for the pIl mold of Figure 1 are
shown in Figure 3. The situation previously described for r,, <
72 corresponds to the top panels (r,, = 0.919 and 0.953 A),
whereas that for r,, > 1%, corresponds to the bottom panels (r,, =
0.987, 1.022, and 1.192 A). The largest r,, that does not show
any run with an induction period is r,, = 0.953 A, and the

Tip4pl/ice Prismatic Secondary Plane
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£

Figure 3. Number of particles in the largest crystal cluster, n,, versus
time for several trajectories and different well radii (as indicated in the
legend in A) for the pII plane of the TIP4P/Ice model. All simulations
are performed at coexistence conditions (1 bar, 270 K). In all cases € =
€, = 8kgT.
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smallest one in which at least one run shows induction period is
e = 0.987 A. Therefore, we find 2 = 0.97 + 0.05 A. We
acknowledge that the presence of trajectories with an induction
period for r,, = 0.987 A may not be entirely clear in view of
Figure 3. In order to be safe, the error bar we give for ry,
includes cases where the absence/presence of trajectories with
induction period is absolutely clear. The error in ry, is in fact the
main source of uncertainty in our calculation of y,.

In Table 1 we report ry, for all crystal planes and water
models studied in this work, along with the area of the
simulation box side parallel to the mold, L,L,, the number of
wells in the mold, N, and the number of water molecules used
in the simulation, N. Note that r;, depends on the model and on
the crystal plane. In all cases ry, takes the lowest value for the pI
plane and the highest value for the plI plane.

Thermodynamic Integration. Once r), is known, we
compute the integral given in eq 2 for values of r,, larger than
r. As an example, the integrand of eq 2 for the pII plane of the
TIP4P/Ice model is shown in Figure 4. Each point corresponds
to a different depth of the square well interaction between the
wells and the oxygen atoms. The integrand reaches a plateau for
large values of € given that the average number of filled wells is
nearly N, beyond a certain value of the well depth. Once the
plateau is reached the value of y(r,) given by eq 2 does not
almost depend on €,,, which in our case is 8kgT.

To make sure that the thermodynamic integration is
reversible, it is advisible to check that n, does not grow at
any integration point. This kind of check is shown in Figure S.
For the r,, employed in this integration (1.3 A), none of the
runs show a growing n;. For the deepest wells (¢ = 6.5kgT and
8kgT) there is an incipient crystal slab forming and melting, as
inferred from the large fluctuations in n,. However, the incipient
slab forms and redissolves quickly, and thermodynamic
integration can be safely performed. We further check the
reversibility of the thermodynamic integration by looking at the
impact of the initial configuration on the calculations. All the
black points in Figure 4 were obtained by using a fluid
configuration as a starting point. We now use the final
configuration of the simulation with the mold fully switched on
(€ = €, = 8kgT) to repeat the calculations. If a crystal slab had
been irreversibly formed, we would not obtain the same
integrand. The test is satisfactory, though, and we obtain the
red diamonds in Figure 4.

For every model and crystal orientation we have performed
thermodynamic integration for 3—4 different values of r,, > 3.
The resulting values of y;,(r,,) are shown in Figure 6 with solid
symbols.

Interfacial Free Energy, ¥,. The 7,(r,) points corre-
sponding to a given model and crystal plane are fitted to a
straight line to extrapolate the results to r}, where we read the
definite value for y,, (shown with empty symbols in Figure 6).
Although we do not have a definite proof that the y,,(r,)
dependence is linear, we have several indications to believe so.
On the one hand, for all water models studied in this work and
for the hard sphere, Lennard-Jones, and NaCl models
investigated in refs 25 and 71, we get a linear y,,(r,)
dependence in the r, range where the calculations were
performed. On the other hand, the linear extrapolation to r,, =
ry, has given consistent results with direct calculations of the
interfacial free energy using other methods for hard spheres,
Lennard-Jones, NaCl (see refs 25 and 71), and water (see
below).
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Table 1. y;, for All Water Models and Crystal Orientations Studied for Ice Th, Details on System Size and Parameters Used for
the Calculation (See Main Text), and for Comparison Results from Other Works

model crystal plane (L, x L) (A% N, N 2 (A) Y (mJ/m?) 7% (mJ/m?)
TIP4P/Ice basal (0001) 11412 128 1792 0.83(5) 27.2(8)
TIP4P/Ice pl (1010) 10759 128 1792 0.77(5) 31.6(8)
TIP4P/Ice plI (1120) 931.69 128 1280 0.97(5) 30.7(8)
TIP4P/Ice % 29.8(8) 30.8(2.5)™
TIP4P/2005 basal 1128.7 128 1792 0.83(5) 27.2(8) 27(2)*
TIP4P/2005 pl 1064.1 128 1792 0.73(5) 29.5(8) 28(2)>
TIP4P/2005 plI 921.55 128 1280 0.94(5) 30.0(8) 28(2)%
TIP4P/2005 % 28.9(8) 29.0(2.5)*"
TIP4P basal 1113.5 128 1792 0.83(5) 25.5(8) 24.5(6)*
TIP4P pl 1049.8 128 1792 0.77(5) 28.2(8) 27.6(7)*
TIP4P plI 909.09 128 1280 1.12(5) 28.0(8) 27.5(7)*"
TIP4P % 27.2(8) 25.6(2.5)*
W basal 1084.4 128 1792 1.00(5) 34.5(8)
mw pl 1022.4 128 1792 0.63(5) 35.1(8)
mW pll 885.39 128 1280 1.00(5) 352(8)
mwW % 34.9(8) 35.2(2.5),% 35(2)™*
150 T T T models of the TIP4P family the basal plane has the lowest y,,
and both prismatic planes have the same y;,, within the error of
our calculations. For mW we also obtain a lower y,, for the
A 100k | basal plane, although the error bar overlaps with those of the
] prismatic planes. Our results for the TIP4P, TIP4P/200S, and
2 mW models are consistent with those of refs 21, 23, and 74,
B respectively, where y,, was directly computed at coexistence
E 5ol 4 conditions. Our work improves the calculations reported in refs
23 and 74 though. On the one hand, our results for the TIP4P/
2005 model are more accurate than those of ref 23, where the
anisotropy of y;, with the crystal orientation could not be
0 2 ) 3 8 resolved using the capillary fluctuation method. We do see now
elk, T that the basal plane has lower interfacial free energy than the

Figure 4. Average number of filled wells versus well depth (e/kT) for
the plI plane of the TIP4P/Ice model. The radius of the mold wells is
1.30 A. All simulations are performed at 1 bar and 270 K. Each point
corresponds to an Np, T simulation with 0.5 ns of equilibration and 1
ns of production (for the mW model we performed for each
integration point 10 000 MC sweeps to equilibrate the system and an
extra 40000 to obtain (Ng,)). Black circles (empty diamonds)
correspond to simulations starting from an equilibrated configuration
with the mold switched off (on).

100 T T T
— 0.00001kT

I"s 50

7000 1500

t/ps

Figure 5. n, versus time for all integration points shown in Figure 4.
Indicated in the legend is the well depth in kT.

The values of y;, linearly extrapolated to ry, for each water
model and crystal orientation are reported in Table 1. For all
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prismatic planes. Regarding the mW model, in ref 74 it was not
specified whether y;, was obtained for a spherical cluster or for
a planar interface, whereas in this work we report the interfacial
free energy for the three main orientations of the ice Ih lattice.

It is not obvious why the basal plane has a lower interfacial
free energy than the prismatic ones, although here we provide a
speculative explanation based on two previous observations. On
the one hand, the penalty paid by creating the ice—water
interface is entropic (the interfacial enthalpy is actually
negative).so’?’4 On the other hand, it has been shown that the
freedom to stack growing ice planes in two different positions
confers some degree of disorder to the basal interface.””’* In
particular, alternating patches of hexagonal and cubic ice have
been observed in simulations of the basal interface, both at
rest’” and during ice growth75 (in fact, the growth of the basal
interface is delayed by the competition between such
patches”). This mixed interfacial pattern may increase the
entropy of the basal interface and thus reduce the entropic cost
of forming it. Because there is only one way of stacking a
growing ice layer for both prismatic planes, these cannot benefit
from a disordered interfacial pattern. This kind of reasoning
could also justify that the (111) plane in the hard sphere and
Lennard-Jones systems has a lower interfacial free energy than
the (100) one.”” We are unable to explain, though, why the
entropic stabilization of the basal plane is more noticeable for
the TIP4P models than for mW.

We now focus the discussion on (y,,), the ice—water
interfacial free energy averaged over all crystal orientations. The
mW model has the highest (y,,), 34.9(8) mJ/m?, then goes the
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Figure 6. Filled symbols: interfacial free energy for different values of the well radius and crystal orientations of ice Ih, as indicated in the legend
(statistical errors have the size of the symbols). Dashed lines: linear fits to filled symbols. Empty symbols: extrapolation of the linear fits to the

optimal well radius.

TIP4P/Ice with 29.8(8) mJ/m? followed by the TIP4P/2005
and TIP4P with 28.9(8) and 27.2(9) mJ/m? respectively.

We have checked that the orientationally averaged interfacial
free energy, y,, obtained from an expansion of y;, in spherical
harmonics’® (see Table 2 of ref 23) gives the arithmetic average
of y,, for the three main crystal orientations, (J;,). Therefore,
we can compare our (J;,)s with those obtained from the
seeding technique (a classical nucleation theory analysis of
simulations of spherical clusters embedded in the supercooled
fluid®>”>77=7) for the TIP4P, TIP4P/Ice, TIP4P/2005*" and
mW?”? models. As shown in Table 1, the agreement between
seeding and MI is quite good. Such consistency, alongside that
reported for the hard spheres, Lennard-Jones, and NaCl
systems,”” supports that classical nucleation theory® ™'
provides a good description of crystal nucleation.

In a recent publication we reported that the seeding method
gives the same 7, for spherical ice Ic and ice Th seeds.”> To
corroborate this finding, we examine the interfacial free energy
of different ice Ic planes for the TIP4P/Ice model. Details on
the calculations are given in Table 2. Two of the ice Ic planes
considered have the same interplanar spacing as an ice Ih
counterpart: the ice Ic (110) plane corresponds to the pIl ice Ih
plane and the ice Ic (111) plane to the basal ice Ih plane. In
fact, we obtain similar values of ¥, for corresponding planes

Table 2. y;, for Ice Ic and Several Crystal Orientations Using
the TIP4P/Ice Model, Details on System Size, and
Parameters Used for the Calculation (See Main Text)

arystal plane (L, x L,) (&) N, N 2 A) 7, (mJ/m?)
(100) 1029.4 100 1800  0.90(S) 31.0(8)
(110) 1164.6 160 1920 0.99(5) 31.4(8)
(111) 931.69 128 1280  0.85(5) 26.9(8)
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(see Tables 2 and 1). The ice Ic (111) and the ice Th basal
planes differ in the way hexagonal planes are stacked (ABC vs
ABAB). Computing the impact on y, of such stacking
difference would require using molds with at least three
hexagonal planes (we use one here to ensure reversibility in the
thermodynamic integration). The effect of stacking is expected
to be minor, though, as suggested both by the alternating
cubic/hexagonal pattern of the basal interface™ and by the
stacking disorder often observed in ice growth simula-
tions.*"°%7>%%81 The (100) ice Ic plane does not have any
ice Ih counterpart. Its ¥, is similar to that of the prismatic ice Ih
planes. With the values of y;, computed for three different
orientations, and using an expansion of ¥, in terms of cubic
harmonics,**** we obtain y, = 30.1(8) mJ/m? which is similar
to the value of 7, = 29.8(8) mJ/m?* obtained for ice Ih. This
result is consistent with the observation reported in ref 32 that
spherical seeds of ice Ih and ice Ic of the same size are critical at
the same temperature.

We finally seek a relation between the interfacial free energy
and other thermodynamic parameters of the model. Turnbull
empirically observed the following relation in crystal nucleation
studies:**

"
Ah

4)

m

where y is the crystal—fluid interfacial free energy, p is the
number of molecules per unit volume in the crystal (so p~/3 is
an estimate of the mean area per molecule at the interface),
Ah,, is the melting enthalpy per molecule, and ¢y is a constant
that Turnbull found to be 0.45 for many metals and 0.32 for
water, Bi, Sn, and Ge. Laird proposed an alternative relation by
substituting Ah,, in Turnbull's expression by the thermal

energy, k3T, at the melting temperature, T,.:*
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Table 3. Melting Properties and Turnbull’s and Laird’s Constants for the Models Studied in the Work”

model i) T, (K) AH,,
TIP4P 272 230% 1.05
TIP4P/2005 289 250508485 1.16
TIP4P/Ice 29.8 2705987 129
mwW 349 274 1.26

AS, pi (g/ cm?) ‘r L

4.56 0.940 0.37(2) 0.86(4)
4.64 0921 0.37(2) 0.85(4)
4.78 0.906 0.34(2) 0.82(4)
4.60 0.978 0.39(2) 0.90(4)

“The interfacial free energy, (;,), is given in mJ/m? the melting enthalpy, AH,, in kcal/mol, and the melting entropy, AS,, in cal/(mol K).

w3

kBTm

=c

' )
where ¢ is a constant. This relation was found to work better
than Turnbull’s for the water models studied in ref 21 (TIP4P,
TIP4P-Ew, TIPSP-E). We have checked if these relations hold
for the water models studied in this work. The parameters
involved in the calculation of ¢y and ¢, and the constants
themselves are reported in Table 3. Both relations seem to
work well within the accuracy of our calculations, although the
cr and ¢, constants for the mW seem to be a bit off perhaps
because it does not belong to the TIP4P family. We would need
to decrease the error bar in y;, in order to discriminate which
relation works better. The fact that both relations work
reasonably well suggests that Ah and T,, are correlated. The
ratio between the melting enthalpy and the melting temper-
ature is the melting entropy, which we report in Table 3. In fact,
the melting entropy is quite similar for all studied models,
which explains why both relations work similarly well.
Substituting the density of the crystal by either the fluid
density or an average fluid—crystal density does not improve
the relations above.

B SUMMARY AND CONCLUSIONS

We use the recently proposed mold integration method™ to
compute the ice—water interfacial free energy for different ice
Th crystal orientations (basal, primary prismatic, and secondary
prismatic) of some widely used water models: TIP4P, TIP4P/
2003, TIP4P/Ice and mW.

The models of the TIP4P family predict a lower interfacial
free energy for the basal plane than for the prismatic planes and
a very similar one for both prismatic planes. For the mW
model, we could not resolve differences in interfacial free
energy between different crystal orientations. Our results for
the interfacial free energies are summarized in Table 1.

The interfacial free energy averaged over all crystal
orientations is consistent with that previously calculated by
analyzing simulations of ice seeds in supercooled water with
classical nucleation theory.’>*' This consistency indirectly
supports classical nucleation theory as a good framework to
understand crystal nucleation.

We also obtain the interfacial free energy of ice Ic for the
(111), (110), and (100) planes using the TIP4P/Ice model. We
find that ice Ic has the same orientationally averaged interfacial
free energy as ice Ih, in agreement with our previous seeding
work.”

The interfacial free energy grows with the melting temper-
ature and the melting enthalpy of the model, in agreement with
Turnbull’s®® and Laird’s® relations.
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