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Vapor-Liquid Equilibrium of Pure Fluids from a Simple Thermodynamic Perturbation Theory 
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We derive a perturbation theory for linear and nonlinear molecules interacting through the Kihara potential. 
This theory may be considered as a simplified version of more elaborated treatments previously proposed for 
this model. An advantage of the new formulation is that expressions for Helmholtz free energy, pressure, and 
entropy are analytical so that vapor-liquid determination becomes an easy task. Vapor-liquid equilibria obtained 
from the theory showed fair agreement with simulation results of the model. Moreover, we compared theoretical 
predictions of coexistence densities and vapor pressures with experimental results for ethane, carbon dioxide, 
and benzene. Good agreement was found in all the cases over a broad range of temperatures. The presented 
treatment combines the simplicity required in chemical engineering applications with well-defined approximations 
on a statistical thermodynamic treatment. 

I. Introduction 

An important problem in chemical engineering is the deter- 
mination of phase diagram of complex fluid mixtures.' A first 
step toward the solution to this problem is the previous 
determination of the vapor-liquid equilibrium curve (VLE) of 
pure components of the mixture. This curve is obtained by 
imposing equality of temperature, pressure, and chemical potential 
in both phases. For industrial purposes, virial equation truncated 
after the second term for the vapor phase and an empirical equation 
of state (EOS) for the liquid phase are commonly used. These 
EOS usually have a simple form, cubic or slightly more 
complicated, and contain many empirical parameters whose 
physical meaning is sometimes obscure. Furthermore, these 
parameters are functions of density and/or temperature. How- 
ever, these equations of state, which usually take the name of 
their first proposers (Redlich-Kwong> Peng-Robinson? Deiters? 
etc.) are quite useful because they allow an easy determination 
of pressures at coexistence and densities of important fluids within 
a few hundredths of error.5 

The point of view of a physical chemist, however, is focused 
on the determination of the pair correlation function (PCF). This 
function is obtained either from simulation or by solving some 
involved integral equation. Then by using an exact relation (virial, 
compressibility) or a thermodynamic perturbation theory, it is 
possible to obtain thermodynamic properties at  any point so that 
phase equilibria may be determined. This straightforward way 
involves such high temporal costs in terms of computer or personal 
time that it becomes unacceptable for industry. We think however 
that with little effort, some present results from molecular-based 
theories can be applied to solve relevant industrial problems such 
as VLE. The main goal of this paper is to show how it is possible 
to build a useful link between liquid-state statistical mechanics 
and practical problems. 

The theoretical tool chosen in this paper is the thermodynamic 
perturbation theory (TPT). This kind of theory is based on an 
appropriate splitting of microscopic attractive and repulsive 
intermolecular forces. It has been applied in a rigorous way to 
important liquids? and excellent results wereobtained. Hereafter, 
we refer to this rigorous version of perturbation theory as RPT. 
The theory however is too involved, and we present here an 
alternative treatment based on previous work of one of use7 This 
alternative will be called hereafter simple perturbation theory 
(SPT). The SPT is based on a semiempirical approach to PCF. 
This approach was obtained from simulation and is directly linked 
to molecular shape and size. Thus, Lago and Boublik7 were able 
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to obtain good results for binary mixtures but only for p = 0. In 
this paper, we present results at any pressure, and therefore we 
are able to solve the equilibrium equations. So, the scheme of 
this paper is as follows: section I1 is devoted to a brief review of 
the old version of SPT, introducing the molecular model, and 
showing how the equations for pressure and chemical potential 
can be derived so that VLE may be computed. Section I11 shows 
the comparison between the results obtained here, the RPT, and 
Monte Carlo simulations for modeled liquids. Section IV shows 
the application to some important real liquids and illustrates how 
the observed systematic deviations can be corrected to give good 
results for VLE. Finally, section V contains a short discussion 
of the results including new values for the vaporization enthalpy. 
The possibility to apply the theory presented here tomore complex 
systems is also considered in section V. 

11. Molecular Model and Theory 
In the model presented here, first proposed by Kihara,* 

molecules are represented by a linear segment of length L. The 
value of L is close to the length of the chemical bond. "Bonds" 
of different molecules interact through a Lennard-Jones-like 
potential: 

but p = p(rlZ,q,u2) means here the distance between these bonds 
and depends on the distance between centers of mass rI2 as well 
as on molecular orientations w 1 , q  with respect to thevector joining 
the centers of mass. e and u are two parameters with dimensions 
of energy and length, respectively, characterizing the intermo- 
lecular interaction. Molecular elongation or reduced length is 
defined as L* = L/u.  Previous experience6s7 shows that only one 
bond adequately represents true linear molecules and others which 
are not strictly linear but have a linear carbonated skeleton as 
in ethane or ethylene. An extensive simulation has been carried 
out for linear models in the Gibbs ensemble.9 So, the VLE curve 
has been determined for different molecular elongations in 
practically all the liquid range. Moreover, a rigorous perturbation 
theory (RPT) has been presented.13 In this theory, PCF is 
obtained by solving the RHNC integral equation.*OJ1 Excellent 
agreement with simulation12 and experiment6 has been obtained 
in this way. We have developed algorithms where the entire 
procedure of solving RHNC, obtaining thermodynamic properties 
and finally solving equilibrium equations takes only a few seconds 
using a PC. However, the method still remains time consuming 
and complicated for the industry, and hence the simplified version 
of this theory SPT is presented in this section. 
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Nonlinear molecules can be modeled by a set of bonds defining 
a geometrical body mimicking the shape of the m01ecule.l~ This 
geometrical body is called the molecular core. The relevant 
geometrical quantities are the volume, F, the surface area, SC 
and l/4x times the mean curvature, RC of core.I4 Reduced 
variables are used as necessary and are defined as T* = kT/t  and 

Only numerical results for pure substances are presented in 
this paper. However we shall present the general formalism for 
a multicomponent mixture. The generalization of eq 1 to a 
multicomponent mixture is given by 

p* = pa3fe. 

Thus, all our formulas will be given for a multicomponent mixture 
without loss of generality. 

The essential step in TPT is the splitting of total potential into 
two parts, the reference potential, uo, whose properties are well- 
known and the perturbation potential, u1. In the Weeks- 
Chandler-Andersen (WCA) version*5 of TPT the potential is 
divided into a term involving repulsive forces uo and another u1 
containing the attractive ones. For a Kihara potential uo and u1 
are written as 

u;A(pYX) = u7"pYA) p y x  > qyx (6) 

where qrA = 21/6arA. 

system truncated at  the first perturbation term yields 
Expansion of the Helmholtz free energy A about the reference 

Here A' and A* are the Helmholtz free energies of reference 
system and of an ideal gas, respectively; n is the number density 
and x ,  is the mole fraction of component a. &(prA) is the PCF 
of the reference system, and S,+,+A is the mean surface of the 
body formed when a molecule A moves around a molecule y 
keeping constant their shortest distance p y x .  S,+,+A can be related 
to the surfaces and to the I / ~ T  times the mean curvature of 
individual molecules by14 

S,+,+A = S,  + SA + 8*(R, + RA)p + 4*p2 (8) 

We denote S,+O+~ simply as S,+A or S,A unless confusion arises. 
The second term in the right-hand side of eq 7 is usually known 
as the first perturbation term and denoted as A , .  

The next step is to relate the Helmholtz free energy and PCF 
of the reference system to that of hard convex bodies, the so- 
called representative bodies. A new expansion of A,, gives as 
final expression7 

where 

d,, = s,'"(l - exp[-uiA/kTI) dp (10) 

Superscript hcb refers to the properties of representative hard 
convex bodies (HCB) in the above equations. dxA defines the 
thickness of these HCBs and represents an extension of hard- 
sphere diameter as defined in the Barker-Henderson TPT.16 HCB 
is built as the parallel body to the molecular core at  the distance 
d ~ ~ l 2 .  Its volume, surface area, and 1 / 4 ~  times mean curvature 
are denoted respectively by VA, SA, and RA. 

In our previous paper7 the total correlation function, h = g - 
1, was approximated as 

where A,A, B,A, and b,A are defined by 

and R,A = R ,  + RA. 

expressed approximately as7 
In eqs 14-16, $(O) is the contact PCF, which can be 

S,Sx(r - t )  + (SrTx - T.,S,)s 
$30) = - l +  + 

(1 - 0 )  (1 - v)2s,+x 

The lower case letters are related to the properties of representative 
hard convex bodies by the general expression 

Y = n&Yx 
A 

where Yx denotes any geometrical property of HCB a. Fur- 
thermore 

Considering eqs 14-20 and with the definitions 

we finally obtain for the Helmholtz free energy:7 
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where all the symbols in the eq 23 are related in analytic form 
to molecular properties and the explicit expressions are given in 
ref I and can also be found in appendix A. Strictly speaking, eq 
23 can be applied only if A > 1, but this is the most usual case, 
and we have not observed any exception with physical meaning 
to this rule. 

Equation 23 was applied to obtain excess properties of relatively 
complex mixtures of molecules irrespective of their shape. Results 
agreed well enough with experiment, but their scope was limited 
by the lackof simulation results and by the fact that computations 
were made also at  zero pressure. It is possible to obtain derivatives 
of Helmholtz free energy and get explicit expressions for pressure 
and entropy. However, this task is cumbersome. Therefore we 
used a computer program of symbolic computation including 
automatic translation to FORTRAN language to avoid error. In 
this way we were able to obtain analytical expressions for pressure 
and consequently for chemical potential and, thus, to calculate 
the VLE curve. 

Explicitly, equations allowing the calculation of the pressure 
are given by 

P = - ( a A / a v 3 ,  (24) 

(25 )  P = Po + P I  

Here PO and PI are respectively the pressure terms coming from 
reference and perturbation Helmholtz free energy. PO corresponds 
to the EOS already given by Boublk: 

PI can be obtained from 

The quantities a:', a:', w:', A:', and M c v )  are the derivatives of 
the corresponding magnitudes with respect to the number density 
and were not presented previously, but they appear in Appendix 
A of this work. 

To determine vapor-liquid equilibria, the chemical potential 
is needed. We have presented analytical expressions for the 
Helmholtz free energy (see eq 23) and for the pressure (see eqs 

24-27). The chemical potential can easily be obtained from the 
relation 

A P  &=- +- k T  N k T  n k T  

Finally, we give here the corresponding equation for entropy, 
namely, the derivative of Helmholtz free energy with respect to 
the temperature: 

The dependence of contact PCF on temperature could only 
come from the dependence of the thickness of hard convex bodies 
in eq 13, and the explicit equations are 

where 

As above, subscripts 0 refers to reference contribution and 1 
to perturbation contribution. Superscript (7') of the variables in 
eqs 3 1 and 32 refers to derivatives with respect to the temperature, 
and the explicit expressions are given elsewhere.'' Since these 
derivatives are not necessary to compute VLE, they are not used 
in this paper. 

Equations 23-32 lookcomplicated, but their terms are analytic 
and, therefore, quite convenient to compute. Moreover they are 
related to the molecular energy, size, and shape. Therefore the 
presented equations as well as any further improvement or 
correction to these equations have a clear physical meaning. 

HI. Comparison with Simulation 
As previously pointed out, simulation for linear molecules 

interacting with Kihara potentials have been performed in the 
Gibbs en~emble .~  These simulations provide exact results for 
coexistence properties of molecular models. We obtained 
unambiguous result regarding the validity range of our theory by 
applying it to these models. Figures 1 and 2 show results obtained 
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Figure 1. Vapor-liquid equilibrium for a linear Kihara model with L* 
= 0.3. The reduced temperature T1 and density n* are defined as T1 
= T / ( c / k )  and n* = nu3. The solid line corresponds to the results of this 
work (SPT) and symbols to simulations of ref 9. 
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Figure 4. Logarithm of vapor pressure versus temperature inverse for 
linear Kihara models with different elongations. From top to bottom 
these elongations are L* = 1.0, 0.6, 0.5, 0.4, 0.3, and 0.2. 

good agreement with experiment is still possible if a fitting to a 
few experimental data is performed. 

To illustrate the trends with elongation of VLE, Figure 3 
presents the VLE for three elongations as obtained from SPT. 
Figure 3 shows that the VLE curve, as obtained from the theory, 
becomes narrower (in the used units) when the molecular 
elongation increases. Therefore a best empirical fitting to 
simulation can occur if a greater elongation is used for the 
theoretical model than for the simulated one. The practical 
consequences of this are described in section IV. 

Vapor enthalpy is also an important property of liquids. 
Clausius-Clapeyron classical law predicts a linear variation of 
vapor pressure with temperature inverse.'* Figure 4 shows that 
this prediction is fulfilled by the theory presented here, and a 
similar behavior has been reported for s im~la t ion .~  However, 
reduced vapor enthalpy, defined as 

AH, = d l n p * / d ( l / P )  (33) 

namely, the slope of the represented straight line, is greater for 
the theory thedifference being about 15% abovesimulation results. 
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Figure 5. Vapor-liquid equilibrium curve for ethane with L' = 0.5. 
Circles are experimental points from ref 20 and solid line the theory 
presented in this work with the parameters of Table 1. 

TABLE 1: Intermolecular Potential Parameters of 
Substances Considered in This Work 

substance elk (K) fJ (A) L' 
ethane 317.37 3.466 0.5 
ethane 317.37 3.466 0.6 
carbon dioxide 338.01 2.902 0.8 
benzene 782.97 2.834 0.68 

IV. Comparison with Real Substances 
The following step, the most important from an industrial point 

of view, is comparison of theoretical results with experiment. 
Presented here are the results for the linear molecules, ethane, 
and carbon dioxide and for the nonlinear molecule benzene. 
Benzene is modeled as a set of bonds preserving the molecular 
shape and eq 1 applies to the closest distance between the bonds 
of two molecules. 

Intermolecular parameters for ethane were taken from ref 19. 
These parameters were obtained by using RPT and are shown 
in Table 1. It was necessary to check if potential parameters 
obtained from the rigorous version of the perturbation theory 
could still be useful in the context of the simple version of this 
work (SPT). In Figure 5 the VLE for ethane as obtained from 
experiment and from the SPT of this work is presented. The 
agreement is not quite satisfactory. Theory always overestimated 
liquid density and underestimated vapor density, showing 
systematic differences similar to those reported above in com- 
parison with simulations. Thus, it appears that a more elongated 
model could agree better with experimental results. This 
observation iscorrect. We repeated thecomputations for a model 
of ethane with the same parameters t and u given in Table 1 but 
with L* = 0.6, and the agreement was excellent as shown in 
Figure 6. In fact, it was better than 2% over a temperature range 
of more than 100 K. Ethane is a relatively simple molecule, but 
it is extremely important in the natural gas industry. 

We conclude that the set of parameters previously proposed 
by us6 for a number of real substances with the RPT may still 
be used with the computationally more convenient SPT by slightly 
changing the molecular elongation L* thus providing a route for 
practical applications. 

However, another route may be useful. In fact, t/k and u can 
be determined for a given substance by forcing the SPT predictions 
to match some experimental properties. A simple and fast 
procedure is to match the experimental vapor pressure and 
orthobaric density at  a given temperature. Therefore, only one 
point of the coexistence curve is needed. This is by far less 
demanding than the number of experimental data required by 
semiempirical EOS to determine their parameters. We deter- 
mined by this procedure elk and u for carbon dioxide and benzene. 

250c 200 
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Figure 6. As in Figure 5 but for a model with L* = 0.6. 
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Figure 7. As in Figure 5 but for carbon dioxide. Experimental points 
from ref 21. Potential parameters are given in Table 1. 

;:j c 

350 

300 L I I I I I I 
0 2 4 6 8 1 0 1 2 1 4  

n I  ( m o l / l )  

Figure 8. As in Figure 5 but for benzene. Experimental points from ref 
22. Potential parameters are given in Table 1. 

The parameters obtained in this way are shown in Table 1. In 
Figures 7 and 8 are shown the obtained VLE densities for carbon 
dioxide and benzene. The agreement between theory and 
experiment is good. It should be recognized, however, that in the 
case of COz the quadrupole moment plays an important role in 
its thermodynamic properties, and a nonpolar model may prove 
to be insufficient to describe it. More elaborated calculations for 
COz should include this quadrupolar contribution. This sug- 
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TABLE 2: Orthorbaric Densities ~1 (mol/L), Va r 
Pressures P (MPa), and Vapor Densities R (molfi As 
Obtained from Experiment and from the SI% Theory of This 
Work with the Parameters of Table 1' 

T/K nyp ns" npp nim PXP psm 
Ethane 

100.00 21.34 21.10 1.7 X 10-6 2.2 X 1.1 X 1.7 X 10-6 
120.00 20.60 20.35 8.6 X 1.0 X 10-4 3.5 X lo-' 1.OX 1 p  
150.00 19.47 19.37 3.5 X lo-' 4.2 X lO-' 9.7 X lo-' 5.0 X le3 
180.00 18.28 18.46 3.6 X 10-* 4.2 X 7.9 X 6.0 X 
210.00 16.97 17.60 0.187 0.203 0.334 0.335 
230.00 16.04 17.03 0.452 0.487 0.700 0.824 
240.00 15.46 16.76 0.679 0.739 0.967 1.232 

225.34 26.08 25.53 0.42 0.41 0.75 0.71 
236.61 25.06 25.06 0.65 0.69 1.15 1.15 
247.87 23.96 24.58 1.03 1.02 1.67 1.79 
259.14 22.71 24.18 1.47 1.60 2.35 2.73 
270.41 21.42 23.7 2.07 2.66 3.23 4.08 

445.78 8.94 9.69 0.90 1.49 
413.40 9.50 9.96 0.47 0.68 
381.24 10.00 10.23 0.22 0.27 
362.84 10.28 10.39 0.13 0.15 
344.49 10.54 10.54 7.7 x 10-2 7.7 x 10-2 
326.12 10.80 10.70 4.1 X 3.6 X 

(1 We present results for ethane, carbon dioxide and benzene. In the 
case of ethane we used L* = 0.60. Experimental data of ethane, carbon 
dioxide and benzene were taken from Refs [20,21,22] respectively. 

Carbon Dioxide 

Benzene 

gestion illustrates the point that molecular-based theories are 
easier to improve since discrepancies have a clear molecular origin. 

To provide further comparison between the results of the SPT 
and experimental data, coexistence properties are presented in 
Table 2 for ethane, carbon dioxide, and benzene. It can be seen 
that SPT provides reasonable predictions of coexistence properties. 

The results shown in this section are simpler and more accurate 
than those arising from the most widely used empirical EOS. 
Furthermore, they are molecular based so that a pictorial insight 
can be obtained directly from our computations. 

V. Conclusions 

As previously mentioned, a second important parameter for 
liquids is thevapor enthalpy, AHv, The agreement between theory 
and experiment is not so good in this case, but it remains 
acceptable. Figure 4 shows that the reduced vapor enthalpy is 
nearly independent of temperature on a broad range, but it varies 
smoothly with molecular elongation. Moreover, the calculated 
vapor enthalpy is for ethane AH, = 19.2 kJ/mol for the model 
with L* = 0.6 overestimating the experimental value20 of AH, E 
17.7 kJ/mol for the temperatures considered in this work. 
Furthermore, RPT has a similar absolute error but underestimates 
the value19 of AHv as 14.9 kJ/mol. 

A second noteworthy feature of the theory presented here is 
the feasibility of applying it to mixtures. For the sake of clarity 
and taking into account that simulations for mixtures of Kihara 
molecules are not available, results for mixtures are not discussed 
here, but our FORTRAN program is indeed written for a 
multicomponent system and is available upon request. 

The theory proposed in this work based on statistical mechanics, 
with the help of a bit of empirical character based always in 
comparison with simulation and using magnitudes with physical 
meaning, is quite simple to implement. Because of that it may 
be of interest to the chemical industry and to those engaged in 
pure research. 
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Appendix A 

Symbols appearing in eq 23 are related to molecular geometry 
as follows: 

myx = SYx + 4?rdYh - 8?rRyhd,h ( A l l  

a y x  = @,A + 0 P y h  

P y h  = nrx(A,x + 1 )  + V,X($b(O) - 1 - A,x) 

wyx = m,x(A,x + 1 )  + t , h ( $ W  - 1 - A,J 

('46) 

(A71 

(A81 

= nx,x,gh,",b(0)Sy+,+,cd,, - 

J , , ( l -  ~xP[-/@I) d p )  ( ~ 9 )  

The integral appearing in M has been parameterized by Verlet 
and W e i ~ ~ ~  and can be computed as 

H = p( 1 - exp[-@uZX]) dp = ~ ~ ~ ( 0 . 3 8 3 7  + l .O68P- ' ) /  

(0.4293 + F-') (A10)  

The derivatives appearing in eq 27 of the main text are given 
by 

a(') = (daYh/dn)  = p y x ~ t i  (A1 1) 

A$ = (aA,,/an) = bt'/qyX ( '415)  

These functions themselves depend on g$i(O), b$, At' whose 
explit expressions are 
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