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Vapor–liquid equilibria of linear and branched alkanes
from perturbation theory

L. G. MacDowell and C. Vega
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28040 Madrid, Spain

~Received 28 January 1998; accepted 23 June 1998!

The vapor–liquid equilibrium properties of linear and branched alkanes with up to eight carbon
atoms have been determined by means of a simple perturbation theory. An accurate equation of state
for the reference system is combined with a mean field treatment of the perturbation term, along
with a reasonable set of potential parameters. Experimental trends of the critical properties of
alkanes are described qualitatively by the theory. In particular, the maximum in the critical pressure
and density of linear alkanes as a function of the number of carbon atoms is reproduced and
explained on a simple basis. The effect of branching on the critical properties is considered and it
is found that the decrease in the critical temperature with branching is correctly predicted. With a
few exceptions for some substances, other general trends in critical pressure and density are
predicted and explained. The effect of branching on the principle of corresponding states is also
studied, in particular on the coexistence densities and vapor pressures. It is found that branching
reduces the slope of the vapor pressure curve and makes the coexistence curve narrower when these
magnitudes are represented in a corresponding states plot. It is shown that a simple mean field
theory is able to describe qualitatively the variation in the critical properties of linear and branched
alkanes. ©1998 American Institute of Physics.@S0021-9606~98!50337-6#
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I. INTRODUCTION

The critical properties of alkanes have received atten
during the last years.1 Experimentally a maximum in the
critical density ofn-alkanes when plotted as a function of th
number of carbon atoms2,3 has been found. This was quit
surprising, as it was previously believed that the critical d
sity of alkanes reached an asymptotic finite value.4 Further
experimental work, and even computer simulations,5,6 seem
to confirm the existence of this maximum.

The effect of branching on the critical properties of a
kanes is another interesting issue. It is well known t
branching generally provokes a decrease in the boiling po
or conversely, in the critical temperature. This is well doc
mented and a number of General Chemistry7 and Organic
Chemistry8 textbooks have proposed a simple explanat
for this fact. Some recent Gibbs ensemble simulations9,10

dealing with the effect of branching on the critical propert
have also appeared.

Theoretically, the problem of the vapor–liquid equilib
rium of alkanes has been considered less often. Some w
by Prigogine’s group11 as well as by Flory12 and Patterson13

was pioneering in the area. However, it seems clear that a
the great progress in the statistical mechanics of flexible
tems performed during the seventies and eighties, the p
lem can and probably should be undertaken and reformul
in a new language.

From a theoretical point of view, the main contributio
that made the problem of the vapor–liquid equilibrium
alkanes affordable are, in our opinion, the development o~i!
perturbation theories for molecular fluids,14–21 ~ii ! good
equations of state~EOS! for hard flexible chains,22–24 ~iii !
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the development of potential parameters describing the in
action between alkane molecules,6,25–29and finally,~iv! inte-
gral equations to obtain the structure of flexible molecu
for either short30 or long chains.31,32 It is clear that much
effort is now focused on this area and great progress ca
expected in the incoming years.

In this work we have a not so ambitious goal. Our aim
to show that with a good EOS for the reference system an
reasonable set of potential parameters, some of the prope
of alkanes can be understood even with a simple mean
first order perturbation theory. We will analyze how mu
can be extracted from this simple treatment. Obviously,
are not searching for a quantitative agreement but rather f
qualitative description.

A first step in this direction was performed in a previo
paper.33 In fact, the conditions for the appearance of maxim
in the critical properties of chain molecules were clea
identified. However, our previous work33 was not fully sat-
isfactory in two respects.

Owing to our ignorance on the second virial coefficie
of hard branched alkanes, required as input for the refere
part of the perturbation theory, only linear chains were co
sidered. This gap has been fulfilled in the preceding pap34

~hereinafter referred to as paper I! and we can now attemp
this problem. Second, the mean field we proposed was
mated in a rather simple manner which did not consider
topological details of the molecule. In a general sense,
mean field approximation considers the structure of the
erence system at any density as that of the zero density li
For spherical particles, this limit is a Heaviside step functio
such that the pair correlation function is zero for distanc
1 © 1998 American Institute of Physics



5682 J. Chem. Phys., Vol. 109, No. 13, 1 October 1998 L. G. MacDowell and C. Vega
TABLE I. Lennard-Jones parameters for the two models used in this work. Model I uses the potential param-
eters proposed by Poncelaet al., while Model II uses the parameters proposed in this work. The differents are
given in Å and thee are given in units ofkB .

Model sCH4
sCH3

sCH2
sCH sC «CH4

«CH3
«CH2

«CH «C

I 4.10 4.02 3.72 3.36 2.44 140 K 96 K 57 K 36 K 9 K
II 4.10 4.10 3.95 3.87 3.73 140 K 93 K 67 K 37 K 12 K
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less thans and unity otherwise.35 In our previous work on
alkanes,33 the site–site correlation functions of the molecu
were approximated in this manner. Clearly, this does
correspond to the rigorous mean field treatment. In fact,
zero density limit of the site–site correlation function is no
Heaviside function even for the relatively simple diatom
fluid36,37and the same occurs for the more complicated m
els of alkane molecules. In this work, we present a pertur
tion theory which implements the mean field approximat
exactly. We want to analyze whether such a theory is abl
describe qualitatively the vapor–liquid equilibrium of sho
linear and branched alkanes.

The scheme of this paper is as follows. In Sec. II, t
potential model is described. Section III is devoted to
formulation of the perturbation theory. In Sec. IV, the resu
are presented. Finally, the main conclusions of this work
given in Sec. V.

II. MODEL

As in paper I, the alkane is modeled by means of
united atom approach, where each CHn group is described by
an interaction site located on the position of the carbon at
The carbon–carbon bond distance is taken asl 51.53 Å,
while theC–C–Cbond angleu is set to the tetrahedral value
i.e., u5109.5 degrees. Certainly, the experimental bo
angle is not exactly tetrahedral but depends on the lengt
the chain and on branching so that it may differ slightly f
different bonds and alkanes. However, to make calculati
relatively simple we have ignored this complication, as
do not expect the results to be severely distorted by s
approximation. The torsional degrees of freedom are trea
within the rotational isomeric state approximation~RIS!, the
details of which are explained elsewhere.34,38

The intramolecular energy is divided into short and lo
range contributions as explained in paper I, with the diff
ence that long range interactions are considered to start
atoms separated by four or more bonds and that they ar
longer hard sphere interactions but Lennard-Jones~LJ! inter-
actions. The intramolecular energy for a certain conform
tion is thus given by:

U intra5U intra
short1U intra

long5ngE11(
k

( 8
l

4«kl~~skl /r kl!
12

2~skl /r kl!
6), ~1!

whereE1 is a temperature dependent torsional energy wh
ensures that the RIS approximation gives the same con
mational populations as the chosen continuous torsio
potential,39 which is taken to be the familiar Ryckaert
t
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Bellemans potential.40 The prime indicates that the doub
sum is constrained to those pairs of carbon atoms fou
more bonds apart.

The intermolecular energy between two molecules
given by:

U inter5 (
k51

N

(
l 51

N

4«kl~~skl /r kl!
122~skl /r kl!

6!, ~2!

where the summation is now over the N interaction sites
each molecule. The same set of Lennard-Jones param
are used for intramolecular and intermolecular interactio
The values of the Lennard-Jones interactions between ch
cally different groups are obtained from the Lorentz
Berthelot rule~LB!.41

Concerning the values of the parameterss and«, several
choices are possible. Initially, we have adopted the se
parameters proposed by Poncela, Rubio and Freire.29 These
parameters are able to fit the second virial coefficients o
number of linear and branched alkanes. The fact that sec
virial coefficient calculations may help in the search of p
tential parameters was already illustrated by Lop
Rodriguezet al. for n-alkanes.26,27,42 The parameters thu
obtained were able to describe correctly the second v
coefficients and when modified slightly were even able
describe the critical properties ofn-alkanes as obtained from
Gibbs ensemble simulations.5,6 The parameters used by Po
cela, Rubio and Freire29 are presented in Table I. The mod
described by this set of parameters will be named Mod
from now on.

III. PERTURBATION THEORY

The total energy of the system will be divided into
reference and a perturbation part:

U5U intra1U inter5U intra1~U01lU1!. ~3!

The valuel50 defines the reference system, while s
ting l51 we recover the original system. Each LJ interm
lecular interaction,u, will be divided into a reference and
perturbation part following the Weeks–Chandler–Anders
criterion ~WCA!,15 so that the reference potentialu0 is given
by:

u0~r kl!54«kl~~skl /r kl!
122~skl /r kl!

6!1«kl

r kl,21/6skl , ~4!

u0~r kl!50 r kl.21/6skl .

The perturbation part of the potentialu1 is obtained from the
condition u5u01u1 . Note that theintramolecular interac-
tions of our reference system are of LJ type, whereas inter-
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molecular interactions are of the WCA type. This may a
pear somewhat unusual but we believe it is a very useful w
of implementing perturbation theories for flexible chains.
fact, this division of the potential guarantees that the re
ence system has the same conformational population as
full system at zero density.

The Helmholtz free energyA is given by an ideal, an
intramolecular and an intermolecular contribution:

A5Aideal1Aintra~X!1Ainter~X!, ~5!

whereX5(x1 ,x2 ,..,xq) is a vector whose components a
the molar fractions of theq conformers of the system~the
number of possible conformers,q, may be large but it re-
mains finite within the RIS approximation!. Let us now de-
scribe briefly each term.

The ideal term is given by:

Aideal/Nmol5kBT~ ln~rL3!21!, ~6!

wherer is the number density,Nmol is the number of mol-
ecules in the system,kB is the Boltzmann constant andL is
the thermal wavelength. Without loss of generality, we sh
assignL to equal the value ofs of the CH2 group ~i.e.,
sCH2

!.
The intramolecular term is given within the RIS approx

mation by:39,43

Aintra/Nmol5kBT(
i 51

i 5q

xi ln~xi !1(
i 51

i 5q

xing,iE1

1(
i 51

i 5q

xiU intra,i~LJ!, ~7!

whereng,i is the number of gauche bonds,U intra,i(LJ) is the
intramolecular LJ energy of conformeri andq is the number
of possible conformers of the molecule. The use of theAintra

term is not new and was already introduced in previo
work.39,43,44

First order perturbation theory will be applied so that t
excess free energy of the system interacting through
original potential is expanded about that of the reference
tem up to first order. In this way, the intermolecular cont
bution is split into a reference and a perturbation part:

Ainter~X!5A0~X!1A1~X!, ~8!

whereA0(X) is the intermolecular free energy of the refe
ence system when the population of conformers is given
the actual population of the full system,X, andA1(X) is the
intermolecular free energy due to the perturbation poten

The latter contribution is given by the following equ
tion:

A1

Nmol
5

r

2 (
k51

N

(
l 51

N

«klskl
3 E u1* ~r kl* !g0,kl~r kl* ,X!4pr kl*

2drkl* ,

~9!

whereg0,kl(r ,X) is the site–site correlation function betwee
sitesk andl of the reference system and the asterisks den
reduced units, i.e.,r kl* 5r kl /skl andu1,kl* 5u1 /ekl .

Substitution of Eqs.~6!–~9! into Eq. ~5! yields an ex-
pression for the free energy which resembles that given
-
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many density functional theories~DFT!. In these treatments
the free energy of the system is divided into a noninteract
part ~which depends only on the singlet correlation functi
and in our case includes the ideal and intramolecular ter!
and an interaction part. The free energy functional is mi
mized with respect to the singlet correlation function~i.e.,
the set ofX!. Although DFT is usually applied to nonhomo
geneous fluids and in liquid crystal theories,45,46 the fact that
perturbation theories of flexible molecules can be regarde
a version of DFT is not new and was proposed by Enc
et al. previously.47 Here we only notice that once the func
tional of the free energy has been written in terms ofX, the
conformational population for a given density and tempe
ture should be obtained by minimizing Eqs.~5!–~9! with
respect toX. Examples of this minimization for hard alkane
were performed in previous work.39,43

Actually, the minimization of Eqs.~5!–~9! with respect
to X for each density and temperature is an overwhelm
task for all but the simplest cases and further approximati
are required. Fortunately, for short flexible chains it is w
known that density effects on the conformational populat
are small.48,49 In fact, the conformational changes of vap
and liquid coexisting phases ofn-alkanes have been found t
vary no more than a few percent forn-alkanes smaller than
n-octane.50 We shall therefore assume that for a given te
perature, the conformational population at zero density
valid for all densities. When changes in conformation
population with density are neglected, the intramolecu
term given by Eq.~7! is a constant for a given temperatu
and does not affect the vapor–liquid equilibrium.

Even with this approximation, the perturbation theory
as yet incomplete, as we still need to know the structure
thermodynamics of the reference system. This requires a
ther approximation, which consists in assigning an effect
hard body to the reference system. In a previous paper,51 it
was shown that mapping the WCA repulsive interaction s
into hard spheres with diameter given by the Barke
Henderson prescription14 gave excellent results. In that pa
per, however, only one kind of interaction site was cons
ered, so that the diameter of the effective hard sphere,d, was
simply given asd/s5dBH(T/(e/kB)) where the subindex
BH recalls the use of the Barker–Henderson prescription
this work, each type of site may eventually interact with a
other, so that the choice of the reduced energy~e! to use in
the preceding equation remains ambiguous. The choice
have taken is to reduce the temperature by means of an
ergy parameter that corresponds to the interaction of
given site with the ‘‘average’’ site of the molecule. In th
context of the Lorentz–Berthelot rule, this means that
energy parameter used to reduce the temperature of sitk,
zk , is given by:

zk5S «k

1

N (
l 51

N

« l D 1/2

. ~10!

Therefore for each interaction site the diameter of the as
ciated hard spheredk is given bydk /sk5dBH(T/(zk /kB)).
Strictly speaking, however, the effective diameters of ea
site should be considered as additional variational parame
in Eq. ~5!.
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Having assigned an effective hard body to the refere
system, the thermodynamics is then calculated by mean
the modified Wertheim equation, which has been shown
give excellent results for hardn-alkanes.39,43,51According to
this equation, the free energy is given by:51

A0

NmolkBT
5~2ā21!lnS 2~12y!3

~22y! D
2~2ā22!

11y20.5y2

~12y!~120.5y!
, ~11!

whereā is the nonsphericity parameter of the molecule a
the packing fraction,y, is given as the product of the numb
density,r, and the average molecular volume,V̄. Let us just
mention that the modified Wertheim equation is obtain
from Wertheim’s equation22,23by simply imposing it to yield
the true second virial coefficient of the fluid. More deta
may be found elsewhere.39,43,51

Now, since we regard the system as a multicompon
mixture of rotational isomers,ā and V̄ are obtained as a
conformational average:

ā5(
i 51

q

xia i , ~12!

V̄5(
i 51

q

xiVi . ~13!

In this way, it is seen that Eq.~11! gives the configurationa
free energy of a system with WCA repulsive intermolecu
interactions which is forced to have the conformation
population of an ideal gas of molecules with the LJ intram
lecular potential. The values ofa i needed in Eq.~12! should
be chosen so as to exactly reproduce the second virial c
ficient of the conformers considered. Rather than making
time consuming calculation for each alkane, we will use
estimate given by the convex body geometry~CBG! meth-
odology described in the preceding paper, which was see
be very accurate. This allows for a fast implementation of
theory, since the evaluation ofā in this way requires only a
few seconds in a workstation.

Now, both ā and V̄ are temperature dependent, as
consequence of the temperature dependence of both the
formational population and the diameter of the effective h
body. In order to reduce the computational cost of the the
these parameters are calculated only for three tempera
and are then fitted to a second order polynomial in the te
perature. Details of the calculation of the nonsphericity a
volume of the molecules for each temperature are given
paper I.34

The structure of the reference system is taken within
mean field approximation as that of the effective hard bo
at zero density. In this way,A1 becomes a trivial linear func
tion of the density, as is usual in mean field theories:

A1

Nmol
5r

avdw

2 (
k51

N

(
l 51

N

«klskl
3 Mkl . ~14!
e
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In the above equation,avdw is the van der Waals constant fo
a Lennard-Jones fluid35 and Mi j are ‘‘mean field factors,’’
given as the ratio of the van der Waals site–site constant
the van der Waals constant for a spherical Lennard-Jo
molecule:

Mkl5

*d
kl*

`
u1* ~r kl* !go,kl8 ~r kl* ,X!4pr kl*

2drkl*

*1
`u1* ~r * !4pr * 2dr*

5

*d
kl*

`
u1* ~r kl* !go,kl8 ~r kl* ,X!4pr kl*

2drkl*

avdw
, ~15!

wherego,kl8 is the site–site correlation function of the ha
body system at zero density anddkl* 5(dk1dl)/(sk1s l).

In practice, only five types of interaction sites will b
considered~i.e., CH4, CH3, CH2, CH and C!, so that defining
nkl as the number of interactions of sites of typek with sites
of type l , the sum in Eq.~14! may be finally expressed in th
following manner:

A1

Nmol
5r

avdw

2 (
k51

5

(
l 51

5

nkl«klskl
3 M̄ kl , ~16!

where it is clear thatk and l denote the kind of site~i.e., the
valuesk51,2,3,4,5 represent the CH4, CH3, CH2, CH and C
groups, respectively! andM̄kl is an average mean field facto
for all the kl interactions of that kind in the molecule.

The zero density site–site correlation function,go,i j8 of
the hard body was evaluated as described in Appendix C
paper I. We used method II. Typically, we randomly selec
100 pairs of conformers from a sample of 300 conform
and averaged over 4280 orientations for each site–site
tance and pair of conformers. The calculation ofgo,i j8 is time
consuming. We have therefore evaluated the correlations
single temperature for each alkane~recall that the depen
dence on temperature appears through the hard body d
eter and through the conformational population!. This tem-
perature was chosen to be close to the predicted crit
temperature. We have observed, however, that the mean
factors remain almost unchanged in a range of about 100

IV. RESULTS

In this section, the main results of this work are show
and discussed.

Let us start by presenting the values ofM̄kl for Model I,
as shown in Table I. This is done in Table II~numbers in
parenthesis! for alkanes with up to six carbon atoms. Inspe
tion of this table shows that bonding of a carbon atom w
other carbon atoms greatly reduces the mean dispersive
ergy felt by that atom. This is seen by comparing mean fi
factors for CH3–CH3, CH2–CH2, CH–CH and C–C interac-
tions, or simply by comparing to the mean field factor of
nonbonded Lennard-Jones interaction, which is equal t
@note that for CH4 the mean field factor is not exactly on
due to the fact thatdkl* in Eq. ~15! is not exactly one for the
chosen temperature#. This decrease inM̄kl for high order
carbons is a natural consequence of the reduction of the
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TABLE II. Average mean field factors multiplied by 100. Numbers in parenthesis correspond to data for Model I, while the others correspond to M
The entry for methane corresponds to CH4–CH4 interactions.

Alkane Average mean field factors,M̄ kl

site k CH3 CH2 CH C

site l CH3 CH2 CH C CH2 CH C CH C C

1 methane 98~98!
2 ethane 84~83!
3 propane 75~76! 70 ~68! 65 ~61!
4 2-methylpropane 66~65! 58 ~51! 49 ~36!
5 n-butane 70~72! 64 ~62! 57 ~53!
6 2,2-dimethylpropane 58~57! 47 ~29! 35 ~10!
7 2-methylbutane 62~62! 56 ~54! 53 ~46! 50 ~46! 47 ~39! 43 ~31!
8 pentane 68~70! 60 ~59! 51 ~48!
9 2,2-dimethylbutane 55~55! 50 ~47! 43 ~26! 45 ~40! 38 ~21! 31 ~9!

10 2,3-dimethylbutane 56~56! 47 ~41! 38 ~27!
11 2-methylpentane 60~62! 52 ~50! 51 ~45! 43 ~40! 42 ~35! 41 ~30!
12 3-methylpentane 59~60! 53 ~51! 48 ~42! 46 ~43! 42 ~34! 37 ~27!
13 n-hexane 66~68! 57 ~56! 48 ~45!
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tact value of the site–site correlation functions. Note a
that the mean field factors for crossed interactions seem t
well described by the simple prescription:

M̄kl5~M̄ kk1M̄ ll !/2. ~17!

Once the geometrical parameters of the reference sys
are calculated~see paper I! and the mean field factors ar
known, the critical properties of the fluid may be determin
by setting to zero the first and second derivatives of the p
sure with respect to the volume, at constant temperature

In Fig. 1, the experimental critical temperatures52–54 for
a number of alkanes with up to eight carbon atoms are c
pared to those of Model I, as predicted from our theory. F
each group of isomers, the experimental critical tempera
of a given alkane in that group is plotted in order of decre
ing temperature, and the corresponding prediction from
theory is plotted for the same value of the abscissa. In o
to identify to what particular alkane corresponds each inte

FIG. 1. Critical temperature of alkanes with up to eight carbon atoms
obtained from experiment~Refs. 52–54! and from the theory of this work
for Model I and Model II. Each alkane is represented by an integer num
along thex axis which is shown in the third column of Table III.
o
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d
s-

-
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number in thex axis, Table III shows a list of the alkane
considered, together with the substance index used to re
sent it in Fig. 1.

A quantitative agreement between theory and exp
ment is not possible, since we are using the mean field
proximation. Theoretical critical temperatures are lower th
experimental ones, as usual in mean field theories, wh
correlations are underestimated. Let us mention that in
previous work,33 where the site–site correlation function
were crudely approximated as Heaviside step functions,
critical temperatures of long chains were overestimat
showing that this incorrect treatment of the mean field m
actually overestimate the correlations. Indeed, we have
served that such a simple treatment would completely fai
the description of the critical properties of branched alkan
even though it may successfully predict several trends
linear alkanes, as shown in Ref. 33.

However, despite the use of the exact mean field,
results presented in Fig. 1 for Model I are not fully satisfa
tory. Experimental trends in the critical temperature do n
seem to be correctly described by the theory when the
rameters of Model I are used. Although we may not rule o
the possibility of a failure of the theory, the discrepanc
could arise from the use of an inadequate force field.
have therefore proposed a new set of Lennard-Jones pa
eters, presented in Table I and hereinafter denoted as M
II. The values of« are relatively similar in both Models~I
and II!, but the decrease ins on going from the CHn to the C
group is less pronounced in the new set. The average m
field factors needed to implement the theory for this mo
are presented in Table II.

In Fig. 1 the critical temperatures predicted by the theo
for Model II are presented. As can be seen, for this poten
model the theory captures the main trends of the variati
of the critical temperatures in alkanes. Similar plots for t
critical molar volume and pressure are shown in Figs. 2 a
3. The substance index used to represent each alkane a
thex axis of Fig. 2 and Fig. 3 is shown in Table III. For th

s

er



ca
gt
u
ta
nt
ry
b
s
e
is

v
e

er-

he-
IV

es,

of
to

oat.
ly
bly
lo-

nt
ean
tly

es.

as

e

ob-

ing

nd
et

5686 J. Chem. Phys., Vol. 109, No. 13, 1 October 1998 L. G. MacDowell and C. Vega
critical volume, agreement is not so good as for the criti
temperature but still main trends with branching and len
of the chain are described correctly. For the critical press
the theory works quite well and trends of the experimen
results are described correctly. Overall, the results prese
in Figs. 1–3 for Model II can be considered as satisfacto
We must admit, however, that the theory is not always a
to order exactly the critical values for a family of isomer
This would require a theory capable of predicting differenc
of less than 5% in the critical properties, a point which
beyond our possibilities as a consequence of~1! our igno-
rance on the exact force field of each molecule,~2! the de-
scription of the structure by a simple mean field term and~3!
the truncation of the perturbation expansion. We do belie
however, that this is the first time that a theoretical treatm

TABLE III. List of the alkanes considered together with their correspond
substance index. For each of the critical properties,Tc , Vc andpc , the table
shows the substance index assigned to a given alkane in the correspo
figure. The notationR,S denotes the absolute configuration of the asymm
ric carbon atoms.

Order index

Alkane
Tc

~Fig. 1!
Vc

~Fig. 2!
pc

~Fig. 3!

1 methane 1 1 1
2 ethane 2 2 2
3 propane 3 3 3
4 2-methylpropane 5 4 5
5 n-butane 4 5 4
6 2,2-dimethylpropane 8 8 8
7 2-methylbutane 7 6 6
8 pentane 6 7 7
9 2,2-dimethylbutane 13 12 11

10 2,3-dimethylbutane 11 13 9
11 2-methylpentane 12 10 12
12 3-methylpentane 10 11 10
13 n-hexane 9 9 13
14 2,2,3-trimethylbutane 19 21 14
15 2,2-dimethylpentane 21 17 19
16 3,3-dimethylpentane 17 19 15
17 2,3-dimethylpentane~R! 16 22 16
18 2,4-dimethylpentane 22 16 20
19 2-methylhexane 20 15 22
20 3-methylhexane 18 20 18
21 3-ethylpentane 14 18 17
22 n-heptane 15 14 21
23 2,2,3,3-tetramethylbutane 27 34 23
24 2,2,3-trimethylpentane~S! 32 40 27
25 2,3,3-trimethylpentane 24 35 24
26 2,2,4-trimethylpentane 40 30 33
27 2,2-dimethylhexane 39 26 37
28 3,3-dimethylhexane 34 39 30
29 3-ethyl,3-metilpentane 23 36 25
30 2,3,4-trimethylpentane 29 33 26
31 2,3-dimethylhexane 33 29 31
32 3-ethyl,2-methylpentane 28 38 28
33 3,4-dimethylhexane~S,R! 25 31 29
34 2,4-dimethylhexane~S! 37 28 34
35 2,5-dimethylhexane~S,R! 38 25 38
36 2-methylheptane 36 24 40
37 3-methylheptane~R! 30 32 35
38 4-methylheptane 35 27 36
39 3-ethylhexane~R! 31 37 32
40 n-octane 26 23 39
l
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is able to describe qualitatively trends in the critical prop
ties of alkanes.

A more detailed comparison of the experimental and t
oretical critical properties of alkanes is presented in Table
for the isomers with six carbon atoms~i.e., C6H14!. To illus-
trate that the theory can also be applied to cyclic alkan
results are also presented for cyclohexane~i.e., C6H12!. Our
treatment of cyclohexane is a straightforward extension
that described for other alkanes. This molecule is known
have two preferred conformations, known as chair and b
However, the population of the chair configuration large
exceeds that of the boat configuration, as it is considera
more stable.8 We have therefore chosen to describe cyc
hexane as a single chair conformer.

As it can be seen in Table IV, quantitative agreeme
between theory and experiment is not good due to the m
field approximation. However, the theory describes correc
in most of the cases the ordering of the critical properti

FIG. 2. Critical molar volume of alkanes with up to eight carbon atoms,
obtained from experiment~Refs. 52–54! and from the theory of this work
for Model II. Each alkane is represented by an integer number along thx
axis which is shown in the fourth column of Table III.

FIG. 3. Critical pressure of alkanes with up to eight carbon atoms, as
tained from experiment~Refs. 52–54! and from the theory of this work for
Model II. Each alkane is represented by an integer number along thex axis
which is shown in the fifth column of Table III.
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Also, the very high critical temperature of cyclohexane wh
compared to that ofn-hexane is described correctly.

An advantage of this simple theory with respect to mo
sophisticated methods such as Gibbs ensemble simulatio
that it allows for a rationalization of the results, which can
explained in terms of well defined, physically meaning
parameters. By solving Eq.~5! for the critical point in a
similar manner as in Ref. 33, it can be shown that the crit
temperature is given by the following equation:

Tc5
F@ā#avdw

V̄
(
k51

5

(
l 51

5

nkl«klskl
3 Mkl̄5

F@ā#avdwE

V̄
,

~18!

whereF@ā# is a decreasing function ofā whose exact form
is irrelevant for the discussion.

In this way, we are able to attribute the trends obser
in the critical temperature to the competition between th
different properties of the molecule, namely, the nonsphe
ity, ā, the molecular volume,V̄ and the mean dispersiv
energy,E.

In paper I, it is shown that for a given number of carb
atoms, branching provokes a decrease inā, so that this fac-
tor alone will result in an increase ofTc .

Equation~18! shows thatTc is an inverse function of the
molecular volume. The effect of branching on this proper
however, is hard to determine, as it depends dramatically
the chosen values ofs. When all type of sites (CH3,
CH2. . .! have the same diameter, branching reduces slig
the molecular volume. However, with the choice of sigm
of Model I, the molecular volume increases substantia

TABLE IV. Critical properties of hexane isomers and of cyclohexane
obtained from experiment and from the mean field theory of this work w
the potential parameters of Model II. Values of the mean interaction ene
E, as given by the double sum of Eq.~18! for some isomers are also pre

sented.E8 was obtained asE, but with theM̄ kl factors in Eq.~18! set to one.
In the evaluation ofE, e was given in units ofkB , ands in Å.

Experiment
Alkane Tc /K Theory E8/104 E/104

cyclohexane 553.50 471.06 14.86 8.52
n-hexane 507.40 386.85 17.41 9.48
3-methylpentane 504.40 385.51 17.23 9.07
2-3,dimethylbutane 499.93 380.86 17.05 8.83
2-methylpentane 497.45 377.09 17.23 9.12
2-2,dimethylbutane 488.73 377.04 16.77 8.70

Vc /(Lmol21)
n-hexane 0.370 0.597
2-methylpentane 0.367 0.593
3-methylpentane 0.367 0.579
2-2,dimethylbutane 0.359 0.572
2-3,dimethylbutane 0.358 0.574
cyclohexane 0.308 0.452

pc /at
cyclohexane 40.18 30.71
2-3,dimethylbutane 30.86 19.46
3-methylpentane 30.83 19.50
2-2,dimethylbutane 30.40 19.35
2-methylpentane 29.71 18.59
n-hexane 29.30 18.92
n
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with branching, due to the relatively big volume of CH3 sites
compared with that of CH2 and CH. On the other hand, wit
the sigmas of Model II branching increases only slightly t
molecular volume of alkane molecules, in agreement w
estimates of the molecular volume by other method53

Therefore, both Models~I and II! predict an increase of the
molecular volume with branching and according to Eq.~18!
that will provoke a decrease in the critical temperature.

The third factor affecting the critical temperature is t
mean dispersive energy as given by the double sum of
~18! and denoted asE. Each term of the double sum contain
two factors. The first one,ekl(skl)

3, accounts for changes in
the average interaction energy between a pair of molecu
regardless of steric effects. The second factor is the ave
mean field factorM̄ kl which accounts for steric hindrance
To see the effect of each factor we present in Table IV
value ofE ~fifth column! and the value thatE would adopt if
all average mean field factorsM̄ kl were set to unity~fourth
column!. By analyzing the fourth column of Table IV~i.e.,
E8! it can be seen that branching reduces the average in
action energy between a pair of molecules. For instance
comparingn-hexane and 3-methyl pentane it can be se
how the replacement of two CH2 groups by a CH3 and a CH
group reduces the average interaction energy between
of molecules by 1%. This is due to the low values ofe ands
for highly substituted carbons. When the steric hindran
i.e., M̄ kl is included~see fifth column of Table IV! it can be
seen that the average interaction energy of 3-methyl pen
is about 4% lower than that ofn-hexane. This additional 3%
reduction in the interaction energy of the branched alkan
due to the low values that take the average mean field fac
in branched alkanes~see Table II!. Such a decrease in th
average mean field factor is a consequence of the so ca
correlation hole,31,32,55which may be seen to increase co
siderably in branched molecules. To illustrate the meaning
the correlation hole, the site–site correlation functions
CH3–CH3 and CH–CH groups of 2-methyl propane at ze
density are shown in Fig. 4. As it can be seen, the con
value of the correlation functions decreases on going fr

FIG. 4. Site–site correlation functions at zero density for 2-methyl prop
~Model II! obtained from numerical integration. We present results for
CH3–CH3 and CH–CH correlation functions.
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primary to tertiary carbons, due to the increasing steric h
drance that increasingly branched carbons present for
tacts. It is thus clear that branching greatly diminishes
average dispersive energy felt by the interaction sites a
consequence of both smaller potential wells and greater
relation holes. This results in a decrease of the critical te
perature.

It is thus seen that our theory allows to identify the fa
tors that determine the experimentalTc . Our arguments are
in contrast with the naive explanation presented in so
textbooks,7,8 where emphasis is made solely on the last po
of the previous discussion~the correlation hole!. Here it is
shown that the total effect is a compromise between sev
factors and the moderate decrease of critical temperat
with branching is a consequence of this compromise. T
three factors affecting Eq.~18! (ā,V̄ and the mean interac
tion energy,E! should be considered when discussing
effect of branching on the critical temperature. When th
three factors are considered simultaneously as in our the
it may be eventually found that the effect of a small nonsp
ricity is greater than that of the mean dispersive energy.
deed, our theory predicts that such a behavior appears
highly branched isomers of the octane series, leading
higher critical temperature for the branched alkane than
the correspondingn-alkane, in agreement with experiment

Let us now focus on the critical molar volume,Vc ,
which may be expressed in terms of the molecular volu
and the packing fraction at the critical point,yc :

Vc5
V̄

yc@ā#
. ~19!

According to our theory,yc may be shown to be a steep
decreasing function ofā. This means that the decrease inā
which follows from branching has the effect of increasi
yc , resulting in a decrease ofVc . On the other hand, the
molecular volume seems to increase slightly with branchi
as explained above. The actualVc results from a delicate
balance between two opposite trends, although experime
data show that theā dependence is more important, since
most cases,Vc seems to decrease with branching.

Once differences in the absolute values of the criti
properties have been presented and analyzed, let us now
lyze these differences in a corresponding states sense.

A corresponding states plot of the coexistence liq
densities of three hexane isomers,n-hexane, 2-methyl pen
tane and 2,2-dimethyl pentane is shown in Fig. 5 for b
theory and experiment. As it can be seen, the trend tow
narrower coexistence curves for branched molecules is
rectly predicted by the theory. Such a trend is a conseque
of the decrease ofā, which is known to affect the shape o
the coexistence curve. In fact, for linear fluids~2CLJ or Ki-
hara! it has been shown that as the anisotropy of the m
ecule increases, the vapor–liquid envelope becom
broader.18,56,57 Here, the same effect is observed, and it
seen that the more anisotropic the molecule~as given byā!,
the broader the envelope. For the same substance
Clausius–Clapeyron corresponding states plot of the va
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pressure curve~not shown! predicted a decrease of the abs
lute values of the slope with branching, in agreement w
experiment.

In Figs. 6–8, the experimental critical properties
n-alkanes are compared with the predictions from our the
for Model II. It is obvious that our mean field treatme
reproduces the maxima found experimentally in the criti
density and critical pressure. Not only is the existence of
maxima correctly described, but their location as well.
our knowledge this is the first time that a theory reprodu
correctly these trends. Recall that a few years ago, it w
thought that there was no maximum in the critical density
alkanes but that it reached an asymptotic value.4 The origin
of these maxima was explained in detail in a previo
paper33 and will not be reproduced here. Let us just menti
that the appearance of the maxima requires overlapping
tween the constituting monomer units. In addition, it is r
quired that there be not too large end monomer–mid

FIG. 5. Corresponding states plot of the liquid coexistence densitie
n-hexane, 2-methyl pentane and 2,2-dimethyl butane as obtained from
periment~symbols in the lower part of the plot! and the perturbation theory
of this work for Model II ~symbols in the upper part of the plot!.

FIG. 6. The critical temperature of linearn-alkanes with up to eight carbon
atoms as obtained from experiment~Refs. 52–54! ~open circle! and from the
perturbation theory of this work for Model II~open squares!.
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monomer differences in either mass for the critical density
interaction energy for the critical pressure.

V. CONCLUSIONS

In this work, a mean field first order perturbation theo
is proposed for alkanes. A modified version of Wertheim
EOS, obtained by imposing the true second virial coeffici
of the hard body, is used to describe the reference sys
The perturbation contribution is obtained from site–site c
relation functions evaluated in the limit of zero density.

A set of Lennard-Jones parameters recently propose
the literature is used to describe the force field of the alkan
It is found that this set does not give satisfactory predictio
for the critical temperatures of alkanes. A modified set
parameters has been proposed which considerably impr
the results, yielding a qualitative description of the critic
properties of both branched and linear alkanes. For the
of linear alkanes in particular, the theory is able to reprod

FIG. 7. The critical densityDc ~in gL21! of linear n-alkanes with up to
eight carbon atoms as obtained from experiment~Refs. 52–54! ~open circle!
and from the perturbation theory of this work for Model II~open squares!.

FIG. 8. The critical pressure of linearn-alkanes with up to eight carbon
atoms as obtained from experiment~Refs. 52–54! ~open circle! and from the
perturbation theory of this work for Model II~open squares!.
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qualitatively the existence and position of maxima in t
critical density and pressure, when plotted as a function
the number of carbon atoms.

The effect of branching on the critical temperature a
density is analyzed in detail. It is found that the decrease
the critical temperature with branching may be attributed
an important decrease in the intensity of the dispersive for
and a slight increase in the molecular volume, although
influence of these two factors is somewhat mitigated by
decrease of the nonsphericity, which acts on the oppo
direction. In fact, highly branched alkanes may have hig
critical temperatures than the correspondingn-alkane due to
the important decrease inā. On the other hand, the decrea
in the critical molar volume with branching may be attri
uted to an increase in the critical packing fraction, which
usually more important than the increase in the molecu
volume.

The principle of corresponding states in isomers is a
analyzed. It is found that linear alkanes present larger de
tions from the principle of corresponding states~for both
vapor pressures and coexistence densities! than branched al-
kanes. This is explained on the basis of the smaller nonsp
ricity of the latter.

The theory of this work is able to describe a number
features of the vapor–liquid equilibrium of alkanes on
simple basis. To our knowledge, this is the first attempt
explain these features from a first principles theory. C
tainly, an understanding of the critical properties of line
and branched alkanes in the light of Statistical Thermo
namics is by far more difficult that the naive picture provid
in elementary text books of Organic and Physical Chemis
In this paper, some of the key elements are presented. O
ously, further work is needed to get quantitative agreem
between theory and experiment. In particular, the mean fi
approximation should be replaced by a better description
the structure of the reference system. Progress on this
can be anticipated.
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