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Excess properties of mixtures of n-alkanes from perturbation theory
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Excess properties of binary mixtures ofn-alkanes have been evaluated from perturbation theory. A
good equation of state for the reference system mixture is combined with a simple approximation to
the perturbation term and with a reasonable set of potential parameters to yield a qualitatively
correct description of the trends of excess volumes and excess Gibbs energies ofn-alkane mixtures
without the need for any adjustable parameter. Moreover, the theory can be made quantitative by
introducing two adjustable parameters for each temperature. These two parameters have a clear
molecular origin and they could be removed if some of the approximations of the theory proposed
here were replaced by a more rigorous evaluation. In this sense this paper is just a first step toward
a fully molecular theory of excess properties of alkanes. Excess properties estimated from
perturbation theory by using these two adjustable parameters are in excellent agreement with
experiment and are clearly superior to those obtained from the classic FOV theory proposed by
Flory, Orwoll and Vrij @J. Am. Chem. Soc.86, 3507, 3515~1964!#. It is our view that the theory of
this work is also conceptually superior to the FOV theory, since it rests on a more rigorous
molecular basis. ©1999 American Institute of Physics.@S0021-9606~99!51431-1#
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I. INTRODUCTION

Experimental interest in the properties of alkane m
tures is probably due to the importance of alkanes within
oil industry. However, mixtures of alkanes constitute also
interesting challenge for liquid theories since long ago. T
first important step toward an understanding of this type
mixtures was led by Prigogine’s group in the fifties.1 Prigog-
ine and co-workers extended the cell theory developed
Lennard-Jones and Devonshire2 for spherical molecules to
the case of flexible molecules. Although this extension w
at the cost of introducing thead hocparameter ‘‘c’’ which
gives ‘‘the number of translational degrees of freedom
monomer,’’ it met considerable success. In the early six
Freeman and Rowlinson3 found fluid–fluid immiscibility in
n-alkane mixtures with large differences in size. This findi
was rather puzzling for the community of that time,4–6 as it
contradicted the old and well established principle ‘‘like d
solve like.’’ This surprise stimulated the theoretical resea
in n-alkane mixtures. Obviously an intermediate step to
derstand the immiscibility ofn-alkane mixtures with large
differences in size is to understand the excess propertie
lighter n-alkane mixtures. Initial attempts to explain the b
havior of n-alkane mixtures were done by Patterson5 and
Flory et al.,7–10 though many other approaches were p
posed later.11–14 The treatment of Flory, Orwoll and Vrij8

~hereinafter denoted as FOV! developed in the middle sixtie
can be considered as a modification of that of Prigogine.
repulsive forces are treated in a similar way but the attrac
forces are treated within a mean field approximation. T
FOV theory when applied ton-alkane mixtures yields result
in excellent agreement with experiment. The theory conta
3190021-9606/99/111(7)/3192/11/$15.00
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a number of adjustable parameters for each substance
mixture which must be fitted to experimental data. In p
ticular, the theory requires knowledge of the molar volum
and some of its derivatives, such as the isothermal compr
ibility and thermal expansion coefficients.9 Since experimen-
tal data of isothermal compressibilities and thermal exp
sion coefficients of pure alkanes were scarce at that tim
number of experimental groups undertook their determi
tion. In particular, experimental determination of these co
ficients was a very active area of research in our departm
over the sixties and seventies.15–20 The FOV theory has be
come quite popular in describing excess properties of m
tures and its influence is quite large on experimental grou
engineering oriented groups and polymer resea
groups.21,22

A major achievement in the field of statistical mechan
of fluids occurred in 1967 when Barker and Henderson p
posed a perturbation theory for spherical Lennard-Jones~LJ!
systems.23,24 The theory was both satisfactory from a qua
titative point of view and from a conceptual point of view
since it was firmly based on statistical mechanics. A furth
improvement by Weeks, Chandler and Andersen25 led the
theory to even better quantitative results. In the seventies
eighties, perturbation theories were extended successful
linear26–29and nonlinear rigid molecules.30 However, the ex-
tension of perturbation theory to flexible molecules has
yet achieved the same degree of refinement. In some stu
flexible molecules are treated as linear rigid molecule31

which is obviously a severe approximation. Other stud
which fully account for flexibility have not been extended
molecules longer thann-butane.32 Studies of perturbation
theory of mixtures of flexible molecules are even mo
2 © 1999 American Institute of Physics
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scarce than those of pure fluids. However, the progress
formed in the last 15 years in the study of flexible molecu
allows one to think that the time for development of pert
bation theories for flexible molecules has now arrived.33 In
fact, for the pearl necklace model~a model of fully flexible
tangent hard spheres! and its LJ version, quite good theorie
are now available which are both satisfactory from a qua
tative and a conceptual point of view.34–37 The same is true
for pearl necklace-like mixtures.38–42 Nevertheless, the situ
ation is not yet fully satisfactory, since perturbation theor
have not been implemented successfully to more real
chain molecules with fixed bond angles, a torsional poten
and contiguous overlapping monomers as is the case
n-alkanes.

Perturbation theory has a clear molecular origin, w
well defined approximations and therefore it has become
favorite treatment adopted by the liquid state commun
working mostly in physics, physical chemistry or even
chemical engineering. There are two reasons why the F
theory is not popular among the theoretical liquid state co
munity. First of all, the cell theory has been abandoned
liquid research state~although it is quite a good theory fo
solids43–45!. Second, the parameter ‘‘c’’ of Prigogine has
obscure molecular origin. In fact, it cannot be derived fro
any theoretical treatment and remains a completely empir
parameter. Because of that, the FOV theory is not consid
a useful tool by the liquid state community. On the oth
hand, experimentalist and polymer research groups still
the FOV theory because tractable perturbation theories h
not been extended to realistic flexible molecules such
n-alkanes or real polymers, so that there is no theoret
alternative yielding results in quantitative agreement with
periment.

In the last years we have worked in the implementat
of perturbation theory for alkane and alkane mixtures. T
simple mean field approximation has been adopted. The
sults presented by the theory have not been quantitative b
number of qualitative features of alkane and alkane mixtu
have been described correctly. In particular, the existenc
a maximum46–48 in the critical pressure and density,49 the
effect of branching50,51on the critical properties and the ge
eral shape of the critical lines of alkane mixtures52 have been
described by the theory. In this work we study the perf
mance of this theory for describing excess properties
n-alkanes. Although our main aim is to show that with
simple and molecular based theory excess properties o
kanes can be described qualitatively, we shall also try to
one step further in the search for quantitative agreement.
aim is to show that perturbation theory can be used succ
fully to describe quantitatively excess properties of alka
mixtures. In particular, it will be shown that perturbatio
theory is comparable in accuracy to the popular FOV the
in describing excess properties of alkanes. For that purp
we shall fit some parameters of the theory to experime
data. One may argue that this leaves our treatment in
same empirical category as the FOV. However, it will
shown that since the theory has a clear molecular origin,
parameters required in our treatment have a clear molec
meaning and this is in contrast to the FOV theory. Moreov
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the fitting can be eventually removed if some additional th
oretical work is performed. This paper pretends to be a fi
step in the long range goal of showing that perturbation th
ries can be used to describe quantitatively the excess p
erties of mixtures of flexible molecules.

The scheme of the paper is as follows. In Sec. II t
mean field perturbation theory used in this work is brie
described. In Sec. III, we show how to correct for the me
field by introducing a meaningful, temperature dependent
rameter. The effect of conformational changes on exc
properties is considered in Sec. IV. Section V is devoted t
discussion of the results obtained from the parametric fo
of our equation of state. Finally, in Sec. VI the conclusio
to this work are presented.

II. A MEAN FIELD PERTURBATION THEORY FOR n-
ALKANE MIXTURES

In the preceding paper, hereinafter denoted as paper52

we presented a rather general approach to first order pe
bation theory for flexible molecules. The reference syst
was accurately described by a modification of Wertheim
EOS, which has shown to give very reliable results
n-alkanes.53–55However, in order to make the theory simpl
some approximations were made for the remaining in
molecular and perturbation contributions. Essentially, we
nored the effect of conformational changes on the equa
of state and invoked the simple mean field approximation
the first order perturbation term. The implementation of t
mean field approximation is not unique and we sugges
two alternative possibilities. In the first version, hereinaf
denoted as mean field 1~MF1!, the structure of the referenc
system as given by the site–site correlation functions w
approximated by a Heaviside step function. In the seco
version, denoted as mean field 2~MF2!, the structure of the
reference system was approximated by its zero density li
As our main interest in this paper is to describe excess p
erties in the liquid regime, we expect the MF1 approach
be more appropriate and we will mainly consider this a
proach in what follows. The reader is referred to paper I
further details on the theory and on notation. Contrary
paper I, where we were mainly concerned with linear a
branched alkanes of low molecular weight, in this work w
will concentrate on linearn-alkanes that span the range fro
C4 to C60. We thus find it convenient to employ an altern
tive force field that very much resembles that used pre
ously in order to describe the second virial coefficients
n-alkanes.56,57 Moreover, recent computer simulations58,59

using similar parameters obtained reasonable agreement
experiment forn-alkane liquids. We will use a single siz
parameter,sCH3

5sCH2
53.85 Å and two strength param

eters,eCH3
/kB5104 K, eCH2

/kB549.7 K. Note that we have
slightly modified the size parameter proposed previousl57

from 3.923 Å to 3.85 Å~the change being less than 2%!,
because better agreement with experimental excess pro
ties was achieved. Furthermore, this allows us to use
empirical fit to the nonsphericity parameter and to the m
lecular volume proposed by us in previous work.49 Although
the size parameter used in that work wass53.923 Å, we
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find that simply rescaling the molecular volume of that fit
(3.85/3.923)3 gives a very good estimate for the volume
our model. The differences with the potential parameters
the previous paper are mainly due to two reasons. In the
place, the parameters used in paper I were optimized to
scribe the properties of a very large set of both branched
linear alkanes. We found that the use of completely trans
able potentials for such a set was at the cost of changing
Lennard-Jones parameters previously optimized
n-alkanes. Second, the optimization procedure is differen
the set used in paper I was optimized for use in the m
field theory proposed in that paper, while the parame
used here were optimized to predict experimental sec
virial coefficients ofn-alkanes. We cannot expecta priori
that the parameters used in the previous paper will give
best agreement with experiment when tested by mean
simulation, as the theory includes several approximati
which may have required to alter these. On the other ha
the set of parameters used in this paper are known to y
rather good predictions for the second virial coefficients a
liquid vapor equilibrium ofn-alkanes.56,58,59

Let us now compare the predictions of the MF1 theo
for the above force field with experimental results. In Tab
I, experimental excess volumes for somen-alkane mixtures
at T5298.15 K and atmospheric pressure60–62are compared
with the MF1 theory.63 As can be seen, the MF1 theory give
fair qualitative agreement, correctly predicting the sign a
order of magnitude of the excess volume, even though
results are systematically overestimated by a factor of 2
so. Other less evident trends are also predicted by the the
namely, the increase of absolute value of the excess vol
when the difference in size of the components increases~see
lines 1 to 3 of Table I! and the decrease in excess volume
the size of the components increases at fixed size differe
~compare lines 3 and 6 of Table I!. It may appear somewha
surprising that the MF2 theory, which described the criti
lines of alkane mixtures with relative success, complet
fails in describing the excess volumes of the same mixtu
~results not shown!. In fact, predictions of this theory wer
wrong by a factor of 10 or more and we will no long
consider this version in what follows. These findings can
rationalized if one considers the following facts:

~1! The MF2 theory approximates the pair correlation fun
tion of the reference system by its low density lim
Since the packing fraction along the critical lines is n
too high~i.e., y.0.10), the MF2 approximation turns t

TABLE I. Excess volumes~in cm3/mol! for n-alkane mixtures as obtaine
from experiment and for the MF1 and MF1C versions of the perturba
theory. The temperature in Celsius is denoted ast.

Mixture t Vexc
MF1 Vexc

MF1C Vexc
exp

C61C10 20 20.45 20.24 20.20
C61C12 20 20.70 20.39 20.31
C61C14 25 20.96 20.54 20.52
C61C16 20 21.08 20.61 20.49
C101C16 20 20.16 20.09 20.07
C81C16 20 20.42 20.24 20.19
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be rather reasonable for the purpose of describing crit
lines. On the contrary, the excess properties we are c
sidering refer to the liquid state, which typically ha
much higher packing fractions~i.e., y.0.45). At such
high densities, the structure of the fluid is considera
modified relative to that in the low density limit and th
MF2 approximation seems to be no longer valid.

~2! The MF1 theory approximates the contribution per s
to the first order perturbation term (I kl) to a constant
which is independent of chain length and of density.
was shown in paper I~see Fig. 6! the average contribu
tion per site to the first order perturbation term does
depend much either on density or on chain length a
this is correctly described by MF1. On this basis, it c
be stated thatperturbation theories which assign a den
sity and chain length independent site–site correlation
function will provide a qualitatively correct descriptio
of pure fluids and mixtures of linear chain molecules
the liquid state.

~3! Although apparently quite crude, the Heaviside functi
is a reasonable approximation to the structure of a h
density linear~not branched! chain fluid. That this is so
can be seen for example in the paper of Martin a
Siepmann,64 where site–site correlation functions fo
n-alkanes in the liquid state are obtained from simulat
and are seen to resemble a Heaviside step function ra
closely. Further evidence arises from Fig. 6 of our p
vious paper. In this figure, the value ofI averagefor n51
andy50 is the mean dispersive energy felt by a mon
mer whose site–site correlation function is a Heavis
function ~i.e., for hard spheres the low density limit
the Heaviside function!. Comparing this value with tha
obtained for the mean dispersive energy of relativ
long chain molecules at moderate liquid densities it c
be seen that differences are not more than a 10% or
Accordingly, the value ofI averageadopted by the Heavi-
side function is not too far from its typical liquid value i
chain molecules

Points 2 and 3 illustrate why MF1 gives qualitative
correct results for mixtures of chain molecules in the liqu
state. However, to bring the theory into quantitative agr
ment with experiment it is necessary to go one step furth

III. CORRECTING FOR THE MEAN FIELD APPROACH

In accordance with point 2 of the previous discussio
the mean field integrals,I kl , will be set to a constant inde
pendent of chain length, density and type of site. Howev
in order to correct for the deficiencies noted in point 3, w
shall allow these constants to be slightly different from t
value obtained assuming a Heaviside step function. By
noting the latter value asI MF1, the modified mean field inte
grals are now written as follows:

I kl~y!5F1~T!I MF1, ~1!

where F1(T) is a substance independent parameter wh
corrects for the lack of correlations introduced by the M
approximation. Since the Heaviside step function is not a
description for the site–site correlation function in the liqu

n
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state we expect the value ofF1(T) to be close to one. To
lead the theory to quantitative agreement with experime
some experimental information must be introduced at
point. We shall fix the value ofF1 at each temperature b
imposing the condition that the density ofn-decane (C10) at
zero pressure as obtained from the theory matches the
perimental orthobaric density. In this way, only one expe
mental data per temperature is needed and the temper
dependence of theF1 parameter in the range 20–120 °C
well described by the simple relationF15(1.092 630
20.000 453t)2 (t is the Celsius temperature!. Analysis of
this fit shows thatF1 is everywhere close to one. This pro
vides further evidence for the fact that the Heaviside s
function is a fair approximation to the site–site correlati
function of alkane liquids. The temperature dependence
F1 reflects the decrease of correlations which follows fro
the decrease of the orthobaric densities as temperatur
creases.

Although we obtain the parameterF1 fitting to experi-
mental data, it must be pointed out that this parameter h
clear molecular origin. In future work this parameter can
calculated theoretically if site–site correlation functions a
obtained from integral equations.65,66 In this work, however,
we will keep the theory as simple as possible while s
retaining the molecular framework. Since bothF1 and I MF1

are density independent, our theory is still of the mean fi
type. Since it is closely related to the MF1 theory, this v
sion of the theory which includes the parameterF1 will be
denoted hereinafter as MF1 corrected~MF1C!.

Let us now present results for the MF1C theory. In F
1, the experimental orthobaric densities of alkanes from4
to C18 at 298.15 K are compared with the theoretical pred
tions~zero pressure densities!. As it can be seen, although w
force F1 to match the experimental density of C10, the de-
scription of the experimental data of othern-alkanes not in-
volved in the fitting is fairly good. This is easy to understa
if one invokes again the hypothesis that site–site correla
functions become almost independent of chain length at h
densities. The theory describes not only the zero pres
densities but also provides a fairly good description of
high density regime. In Fig. 2, the equation of state at h

FIG. 1. Densities ofn-alkanes~at T5298.15 K and zero pressure! from C4

up to C18 as obtained from experiment~symbols! and from the MF1C per-
turbation theory of this work~solid line!. Experimental results were obtaine
by using Simha’s equation of state~Ref. 74! with the parameters given in
Ref. 75.
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pressures ofn-hexane andn-hexadecane at 60 °C as obtain
from theory is compared with experimental data. The agr
ment between theory and experiment is fair. In Table I,
perimental excess volumes are compared with MF1C, sh
ing that the introduction of the fitting parameter considera
improves the predictions of the theory.

We have also tested the predictions of the theory for
chemical potentials and activity coefficients. Using the sy
metric criterion, the activity coefficient of component 1,g1

can be obtained as:

m1~T,P,x1!2m1
0~T,P!2kBT ln~x1!5kBT ln~g1!, ~2!

wherem1(T,P,x1) is the chemical potential of component
in the mixture andm1

0(T,P) is the chemical potential of com
ponent 1 whenx151. The chemical potentials can be o
tained by differentiating the Helmholtz free energy:

S ]A/kBT

]N1
D

T,V,N2

5
m1

kBT
. ~3!

As the algebra required to obtain the chemical poten
is involved, it is a good idea to check for thermodynam
consistency67 using the expression:

Gexc

NkBT
5x1 ln~g1!1x2 ln~g2!. ~4!

We have checked that our calculations indeed satisfied
equation.

In Table II, the activity coefficients of the lightest com
ponent~component 1! at infinite dilution as obtained from

FIG. 2. Equation of state ofn-hexane andn-hexadecane~density versus
pressure! at 60 °C as obtained from the perturbation theory MF1C~symbols!
and from experiment~lines!. Experimental results were obtained using Sim
ha’s equation of state~Ref. 74! with the parameters reported in Ref. 75. Th
molar volume is denoted byv, and the molar volume at zero pressure
denoted asv0.

TABLE II. Logarithm of the activity coefficient of component 1 at infinit
dilution as obtained from MF1C and from experiment.

Mixture t ln(g1,̀
MF1C) ln(g1,̀

exp)

C51C18 35 20.089 20.138
C61C16 40 20.062 20.094
C61C24 60 20.218 20.253
C71C24 60 20.211 20.207
C81C32 75 20.330 20.325
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MF1C and from experiment~see Refs. 14,11,12 and refe
ences therein! for some selectedn-alkane mixtures are pre
sented. As it can be seen in Table II, the agreement betw
theory and experiment is satisfactory. Since activity coe
cients and excess Gibbs energies are related through Eq~4!,
good agreement for activity coefficients means also g
agreement for excess Gibbs energies. In Fig. 3, the vap
liquid equilibria coexistence densities ofn-octane as ob-
tained from MF1C and from experiment are shown~to apply
the MF1C to temperatures higher than 120 °C we extrapo
to high temperatures the fit toF1). As can be seen, the agre
ment between theory and simulation is quite good at l
temperatures. The critical temperature is overestimated
about 15%.

We have thus shown that MF1C reproduces reason
well the behavior of puren-alkanes. In fact, theoretical pre
dictions of the EOS of liquidn-alkanes at high pressures an
of the vapor-liquid equilibria are satisfactory. The MF1
gives also good predictions for the excess volumes, ex
Gibbs energies and activity coefficients. Taking into acco
that the potential model used to describe alkanes is reali
the evaluation of the molecular volume is perform
exactly,68 the EOS for the reference repulsive system is qu
good54 and that the estimate of the first order perturbat
term is both simple and theoretically sounded, the res
presented so far illustrate that perturbation theories can
quite good job for describing the properties ofn-alkanes and
n-alkane mixtures. However, there is still waiting an u
pleasant surprise.

Enthalpies for the pure components and for the mixt
can be calculated through derivatives of the Helmholtz f
energyA:

H

NkBT
5

1

T S ]A/NkBT

]~1/T! D
V,N1 ,N2

1rS ]A/NkBT

]r D
T,N1 ,N2

5
U

NkBT
1Z, ~5!

whereZ is the compressibility factor,U is the internal energy
andr is the number density. In Table III, the excess enth
pies as obtained from MF1C and from experiment are p
sented. The MF1C predicts correctly small values for

FIG. 3. Vapor–liquid equilibria forn-octane as obtained from the MF1C
theory ~solid line! and from experiment~symbols!.
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excess enthalpies ofn-alkane mixtures. However, it is see
in Table III that the agreement is not quantitative. In partic
lar, MF1C is unable to predict positive values of the exce
enthalpies at low temperatures. The fact that the predicti
of excess enthalpies are not quite good is striking, taking i
account that all the other properties were correctly describ
How can we solve this problem?

IV. THE EFFECT OF CONFORMATIONAL CHANGES

It is somewhat mysterious and surprising that a the
describing correctly the equation of state, coexistence pr
erties, excess volumes and excess Gibbs energies doe
perform well for excess enthalpies. What is going on?

Since at low temperatures excess enthalpies predicte
the theory are negative and experimental values are posi
a possible route to bring theory into agreement with exp
ment is to raise the enthalpy of the mixture. In a perturbat
theory,A is obtained as a sum ofA0 and A1. The termA0

contributes mainly to the entropy of the system and v
little to the internal energy, while the termA1 contributes
very little to the entropy of the system and significantly
the internal energy.69 Taking this into account and compa
ing the first order perturbation expansion with the express
for the free energy in terms of entropic and energetic con
butions,

A5A11A05U2TS, ~6!

we can approximately identifyA1 with U and A0 with
2TS. In a further step, we can consider that at zero press
the internal energy and the Helmholtz free energy
equivalent to the enthalpy and Gibbs free energy, resp
tively. Accordingly, we can bring the theoretical predictio
of the enthalpy into closer agreement with experiment
raising the value of the internal energy of the mixture
equivalently, by raising the first order perturbation term f
the free energy of the mixture. This raise inA1 can be justi-
fied if one assumes that site–site correlation functions
tween different species in the mixture are different fro
site–site correlations in the pure fluids~indeed, such change
have been observed in idealized polymer models in a re
study70!. Actually, introducing a second parameter to a
count for these differences, we were able to bring exc
enthalpies into close agreement with experiment. Howeve
follows from Eq.~6! that an increase in the internal energy
the mixture will result in an increase in its Helmholtz fre
energy. Thus, by introducing a second parameter we w
able to improve the predictions for the excess enthalpy,

TABLE III. Excess enthalpies~in cal/mol! for n-alkane mixtures as obtained
from experiment, from the MF1C perturbation theory, and from the MF
theory once the intra-molecular term is included~MF1CI!.

Mixture t Hexc
MF1C Hexc

MF1CI Hexc
exp

C61C7 20 20.26 0.29 0.22
C61C10 20 22 6 4
C61C12 20 23 12 11
C61C16 20 26 31 31
C101C16 20 21 10 10
C81C16 20 23 19 21
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this was at the cost of spoiling the predictions for the Gib
free energy. Orwoll and Flory10 face a similar problem in the
FOV theory. The way they solve the problem was to int
duce a parameter to correctA1 ~i.e., G! so that good exces
enthalpies were predicted and then to introduce a comple
ad hoc entropic term~i.e., GS) to recover good values of th
Gibbs excess energies.

At this point it seems as if we had reached a dead
were we can no longer advance. However, there is a term
which we have paid very little attention, both in this wo
and in paper I. This is the intra-molecular term. We ha
been assuming all the time that conformational populati
are only a function of temperature and depend neither
density nor in composition. However, it is reasonable to
pect small but appreciable conformational changes w
mixing two different alkanes. In fact, it has been shown p
viously that packing effects can change the fraction
gauche bonds by about 2%–5%.55,71 These small change
may have a significant effect on excess enthalpies, howe
Assume, as an example, that on mixing propane~rigid mol-
ecule! with n-pentane~flexible molecule! at equimolar com-
position, the population of gauche conformers increase
about 3%. The increase of the torsional energy per mole
is then given as the product of the number of torsional
grees of pentane, times the molar fraction of pentane, ti
the increase of gauche conformers, times the energy
gauche bond, i.e.: 230.530.0333302J599J. By taking a
look at Table III, we can see that this is indeed a signific
amount of energy compared to the typical values of the
cess enthalpies, similar to the difference between our ca
lated enthalpies and the experimental data. Our working
pothesis is that the positive values of the excess enthalpie
alkanes at low temperatures are due to conformatio
changes~i.e., a small increase in the fraction of gauc
bonds!. Certainly, the rigorous evaluation of conformation
changes within a perturbation theory is an overwhelm
task. It would imply to provide expressions forA0 , A1 and
Aintra for each conformational population and to minimize t
total free energy with respect to the population of conform
at each temperature and density. In previous work we h
done that for repulsive models of short alkanes~i.e., up to
n-octane!.71 However, extending this treatment to long
n-alkanes including attractive forces is at this point an alm
impossible task. We shall try to approach the problem i
less rigorous way by invoking the following approximation

~1! The energy of a given conformer depends mainly on
number of gauche conformers, so that the LJ int
molecular contribution can be neglected. This is reas
able, because the torsional energies are usually m
bigger than the nonlocal intra-molecular Lennard-Jo
interactions.

~2! The torsional degrees of freedom are independent f
each other.

~3! There are three rotational states72 for each torsional de-
gree of freedom~RIS approximation! which are denoted
as trans~t!, gauche1, (g1) and gauche2 (g2).

With these approximations, the expression for the int
molecular free energy of the pure fluid reduces to:55,71
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Aintra

NkBT
5~n23!

aintra

kBT
, ~7!

aintra

kBT
5F2xg1

E1

kBTG2@2xt ln~xt!22xg1 ln~xg1!#

5Fuintra

kBT G2Fsintra

kB
G , ~8!

where aintra is the contribution to the intra-molecular fre
energy per torsional degree of freedom,n the number of
carbon atoms and (n23) is the number of torsional degree
of freedom of the molecule andxt , xg1 and xg2 are the
fraction of torsional degrees of freedom in thet, g1 andg2

states, respectively, whileE1 is the energy difference be
tween the gauche and trans states. In what follows, we
use a fixed value for this energy of 3302, 2 J/mol~i.e., 790
cal!. These molar fractions satisfy the following constrain

xg15xg2, ~9!

xt1xg11xg251. ~10!

The way Eq.~8! has been written emphasizes the fa
that the intra-molecular free energy per torsional degree
freedom can be split into an energetic@first square bracket on
the right hand side of Eq.~8!# and an entropic term@second
square bracket on the right hand side of Eq.~8!#. At zero
density, the residual contributions to the free energy,A0 and
A1, vanish and the fraction of trans bonds is obtained
minimizing the intra-molecular free energy. This amounts
solving the following equation@subject to the constraint
given by Eqs.~9!–~10!:

S ]aintra

]xg1
D

N,T

50. ~11!

Solving Eq. ~11! leads to the following result for the
fraction of torsional degrees of freedom in the gauche1 state:

xg1
ig

5expS 2
E1

kBTD Y S 112 expS 2
E1

kBTD D , ~12!

where the superscriptig recalls the fact that this is the popu
lation at zero density. We will assume from now on that t
conformational populationsof the pure components ar
given by the ideal gas population along all the density ran.
Although some conformational changes with density sho
be expected, this happens to be rather small.64,73 Contribu-
tion of the intra-molecular term to other thermodynam
properties can be obtained by derivation of the funct
Aintra@T,N,xg1(T,V,N)# with respect toT ~internal energy!,
V ~pressure! andN ~chemical potential!. As xg1 is generally
a function ofT, V andN, the chain rule must be used. Fu
thermore, the following equality must be taken into accou

F S ]Aintra

]xg1
D

N,T
G

x
g1
ig ,T

50, ~13!

where the subscripts following the parenthesis indicate
quantities that should be kept constant when performing
rivatives and the subscripts following the square brack
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indicate the values of the variables at which the derivat
must be evaluated. The contribution of the intra-molecu
term to the thermodynamic properties of the pure alkanes
then given by:

Zintra50, ~14!

U intra

NkBT
52~n23!xg1

ig E1

kBT
, ~15!

m intra

kBT
5

Aintra

NkBT
, ~16!

whereAintra/NkBT is given by Eqs.~7!–~12!.
Let us now focus on the treatment of the mixture. W

shall assume that in the mixture the conformational popu
tion of components 1 and 2 is the same~i.e., the population
of trans bonds in the mixture is the same for molecules
type 1 and type 2!. With this approximation,Aintra/NkBT of
the mixture is given by:

Aintra

NkBT
5x1~n123!Fxt ln~xt!12xg1 ln~xg1!12xg1

E1

kBTG
1x2~n223!Fxt ln~xt!12xg1 ln~xg1!12xg1

E1

kBTG .
~17!

However, we shall allow the mixture to have conformation
changes relative to the pure components. Accordingly,
conformational population in the mixture may be expres
in terms of the change with respect to the ideal gas pop
tion by the following empirical expression:

xg15xg1
ig

1d, ~18!

d5
F2~T!yx1x2~n22n1!2

~x1V̄11x2V̄2!
, ~19!

whereV̄1 and V̄2 denote the molecular volumes of comp
nents 1 and 2, respectively, and the volume fraction is gi
by y5rVmixture @see Eq.~12! of the previous paper#. Note
that when Eqs.~18!–~19! are used for the pure componen
the ideal gas population is recovered. On the contrary, fo
given mixture ~i.e., n2 ,n1 ,V2 ,V1 fixed!, Eq. ~19! predicts
that conformational changes will increase with increas
density. Also, for fixedy, x1 , x2 andn1 Eq. ~19! predicts that
conformational changes increase withn2. The denominator
of Eq. ~19! accounts for the fact that for a certain differen
in size (n22n1), conformational changes should be smal
as the size of the chains increases~i.e., larger conformationa
changes are expected when mixing C4 and C8 than when
mixing C100 and C104). The parameterF2(T) is obtained for
each temperature by fitting the experimental excess enth
ies of the C61C16 mixture. This second parameter of th
theory shows a temperature dependence that can be
scribed by the relationF250.000 915 9710.007 186 94 exp
(2t/47.4815) where, again,t is the celsius temperature an
the fit has been performed in the range 20–120 °C.

Once we have an explicit expression for the int
molecular contribution to the free energ
Aintra@T,N1 ,N2 ,xg1(T,V,N1 ,N2)#, the intra-molecular con-
e
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tribution to the remaining thermodynamic properties is o
tained by using standard thermodynamic relations~and with
the help of the chain rule!:

Zintra5rF S ]Aintra/~NkBT!

]xg1
D

T,N1 ,N2

G
xg1,T,N1 ,N2

S ]xg1

]r D , ~20!

U intra

NkBT
5

E1

kBT
2xg1~x1~n123!1x2~n223!!2T

3F S ]Aintra/NkBT

]xg1
D

T,N1 ,N2

G
xg1,T,N1 ,N2

S ]xg1

]T D ,

~21!

m1,intra

kBT
5~n123!Fxt ln~xt!12xg1 ln~xg1!12xg1

E1

kBTG
1~N1~n123!1N2~n223!!

3F S ]aintra/kBT

]xg1
D

T,N1 ,N2

G
xg1

S ]xg1

]N1
D . ~22!

In Fig. 4, theaintra/kBT term as a function of the numbe
of gauche1 bonds is shown. The minimum is found for th
population of gauche1 bonds given by Eq.~12!. The zero of
the Helmholtz free energy was set arbitrarily to its minimu
The energetic and the entropic terms of the intra-molecu
contribution are also shown. As it can be seen, a chang
2% in the population of the gauche1 population changes the
free energy in about 1024 kBT, whereas the change in inte
nal energy is two orders of magnitude larger, 1022 kBT. One
can therefore expect that when the population ofgauche1

bonds is close to its ideal value, the derivative of the Hel
holtz free energy with respect toxg1 is very close to zero.
This allows us to perform the following approximation:

FIG. 4. The intra-molecular free energyaintra /kBT per torsional degree of
freedom as function of the molar fraction of thegauche1 state (xg

1). The
energy of the gauche stateE153302 J/mol~i.e., 790 cal! was used in the
calculations which were performed forT5300 K. The zero of energy has
been set at the minimum of the free energy curve. Values of the in
molecular energy and entropy are also shown.
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F S ]~Aintra/~NkBT!!

]xg1
D

T,N1 ,N2

G
xg1

.F S ]~Aintra/~NkBT!!

]xg1
D

T,N1 ,N2

G
x

g1
ig

50. ~23!

The use of Eq.~23! simplifies considerably the resultin
expressions for Eqs.~20!–~22! that now read as follows:

Zintra50, ~24!

U intra

NkBT
5

E1

kBT
2xg1~x1~n123!1x2~n223!!, ~25!

m1,intra

kBT
5~n123!Fxt ln~xt!12xg1 ln~xg1!12xg1

E1

kBTG .
~26!

We shall include the intra-molecular contribution both
the properties of the pure substances through Eqs.~7!–~16!
and to the mixture through Eqs.~24!–~26!. This version of
the theory, which involves adding the intra-molecular con
butions to the MF1C theory will be denoted as MF1CI. No
that, neither the EOS of the pure fluid nor that of the mixtu
is modified by the addition of the intra-molecular term
Therefore, the excess volumes are not affected and are i
tical as those obtained by MF1C. On the contrary, both
chemical potential and Helmholtz free energy are chang
Despite this, properties such as the activity coefficients
affected only in a very small degree. For instance, the ac
ity coefficients presented in Table II change in the thi
fourth digital number once the intra-molecular term is
cluded. It can be concluded that excess volumes and act
coefficients obtained from MF1CI are almost indistinguis
able from those of the MF1C theory which were alrea
presented in Tables I and II. However, the intra-molecu
contribution has a significant contribution to the excess
thalpies, resulting in predictions that differ considerab
from those given by the MF1C theory. In order to show th
excess enthalpies from the MF1CI theory are compared
experiment for some selected mixtures in Table III. As it c
be seen, the agreement with experiment is now quite go

The basic idea behind MF1CI is that the inclusion of t
intra-molecular term brings a new internal energy and a n
entropic term. A conformational change raises both the
ternal energy term and the entropic term~-TS!, and this
change is approximately equal for both magnitudes so
the Helmholtz free energy of the system changes in a v
small amount. Consequently, the EOS and the chemical
tential do not change much with conformational chang
However, conformational changes bring important chan
in the intra-molecular contribution to the internal energy a
in the intra-molecular contribution to the total entropy of t
system.

Our final version of the theory is therefore a first ord
perturbation theory, with a molecular based force field
good description of the reference system through the m
fied Wertheim EOS and a perturbation term evaluated wit
-
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the MF1 approximation. Two additional factors are intr
duced to bring the theory to quantitative agreement, nam
F1 which corrects for the use of the step function, and theF2

factor which accounts for conformational changes in
n-alkane mixture.

V. RESULTS

In this section the results of the MF1CI theory will b
presented for a number of mixtures. Some results were
sented in Tables I–III and we shall proceed now to a m
extensive comparison. In Table IV, excess properties fo
number ofn-alkane mixtures and temperatures are presen
For each mixture, experimental results, results from FO
theory and the results from the MF1CI perturbation theory
this work are presented. As can be seen, MF1CI yields
cellent results for the prediction of excess properties.

In order to compare the performance of these two th
ries, we have defined the average deviationD as:

DX5A (
i 51

i 5ndata

~Xexc,i2Xexc,i
exp !2/ndata, ~27!

wherendata is the number of experimental data. By using t
state points of Table IV where experimental and theoret
results from both MF1CI and FOV are given, the avera
deviations have been evaluated. The average deviations
the MF1CI perturbation theory areDV50.10 cm3/mol for the
excess volume and ofDH53.7 cal/mol for the excess entha
pies. The corresponding deviations for the FOV theory
DV50.11 cm3/mol for excess volume andDH58.1 cal/mol
for excess enthalpies. As can be seen, the MF1CI the
yields results comparable in accuracy~or even better! to
those presented by Floryet al.10 This is remarkable since th
only experimental data required in MF1CI are the densit
of C10 and the excess enthalpies of the C61C16 mixture. In
Flory’s theory, the equation of state, compressibilities a
thermal expansion coefficient of each pure alkane are nee
in addition to two additional parameters (G and GS) which
are fitted to describe excess enthalpies and activity co
cients. The results of Table IV cover a wide range of te
peratures and chain lengths so that it illustrates the utility
perturbation theory in a broad range of conditions.

In Fig. 5, the excess volumes for then-octane
1 n-hexadecane mixture at several temperatures are sh
As seen, the MF1CI theory yields quite good results, desc
ing the general shape of the excess volume curves. The m
mum in the excess volume occurs for molar fractions ric
in the lighter component~n-octane!. In Fig. 6, excess enthal
pies for then-hexane1 n-hexadecane mixture at differen
temperatures are presented. Again, the theory describes
well the experimental data and it is able to predict the cha
in sign of the excess enthalpy with temperature.

In Table V, results for the activity coefficient of th
shorter alkane at infinite dilution are presented for a num
of mixtures. The agreement between MF1CI theory and
periment is reasonable. The value ofD for the logarithm of
the activity coefficient at infinite dilution obtained from
MF1CI is of D ln(g1,̀ )50.03 to be compared with the valu
obtained from the FOV theory which is ofD ln(g1,̀ )50.03.
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TABLE IV. Excess volumes~in cm3/mol! and enthalpies~in cal/mol! as obtained from experiment, from th
MF1CI theory of this work and from the FOV theory.

Vexc/(cm3/mol) Hexc/~cal/mol!

Mixture x1 t Exp FOV MF1CI Exp FOV MF1CI

C51C6 0.5 30 - 20.07 20.72 20.29
C51C10 0.5 20 20.42 20.52 6 8
C51C16 0.5 20 20.82 21 36 37
C61C7 0.5 20 - 20.03 0.22 0.29
C61C10 0.5 20 20.2 20.24 4 7 6
C61C12 0.5 20 20.31 20.34 20.39 11 12 12

0.5 35 20.38 20.44 20.47 - 7
C61C14 0.5 25 20.52 20.54 - 18
C61C16 0.5 20 20.49 20.56 20.61 31 23 31

0.5 30 20.58 20.65 20.69 23 21 23
0.5 40 20.69 20.76 20.79 16 19 16
0.5 51 20.82 20.9 20.9 9 16 9
0.5 60 20.97 21.05 21.01 4 13 4
0.5 76 - 21.24 24 7 26
0.5 100 - 21.69 223 23 219

C61C24 0.5 51 21.19 21.34 21.31 33 31 32
0.5 60 - 21.46 22 27 22
0.5 76 - 21.78 6 19 5

C61C36 0.5 76 - 22.22 28 33 37
C71C12 0.5 25 20.17 20.23 20.22 - 7

0.5 35 20.2 20.26 20.25 - 5
C71C16 0.5 20 20.31 20.4 20.38 25 16 25

0.5 40 20.45 20.5 20.49 - 14
0.5 50 - 20.56 10 13 9
0.5 76 20.77 20.74 20.76 - 21

C71C24 0.5 76 21.22 21.24 21.22 - 9
C71C36 0.5 76 21.56 21.77 21.62 31 35 39
C81C16 0.5 20 20.19 20.24 20.24 21 12 19

0.5 30 20.21 20.27 20.27 - 15
0.5 50 20.33 20.36 20.35 - 8
0.5 76 20.48 20.52 20.48 - 1
0.5 106 20.74 20.82 20.69 - 27

C81C24 0.5 51 - 20.64 28 21 28
0.5 76 - 20.86 10 16 10
0.5 96 - 21.08 21 11 21
0.5 106 21.33 21.46 21.22 26 8 26

C81C32 0.5 76 - 21.11 23 24 28
0.5 96 21.49 21.61 21.4 - 10
0.5 106 21.7 21.86 21.57 - 2

C81C36 0.5 96 21.62 21.83 21.53 - 18
0.5 106 21.85 22.07 21.72 - 9

C91C32 0.5 96 21.14 21.19 21.06 - 12
C91C36 0.5 76 - 20.94 29 26 38

0.5 96 21.25 21.39 21.18 - 20
0.5 106 21.41 21.59 21.32 - 12
0.5 126 21.89 22.05 21.65 - 22

C91C62 0.5 126 22.51 22.62 22.75 - 93
C101C16 0.5 20 20.07 20.1 20.09 10 5 10

0.5 30 20.09 20.1 20.11 - 8
C161C36 0.5 76 - 20.22 14 9 22
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VI. CONCLUSIONS

In this work a mean field perturbation theory fo
n-alkane mixtures is proposed. The theory uses potential
rameters forn-alkanes which represent the current state
the art. The equation of state used for describing the re
encen-alkane mixture~or pure fluid! is probably the most
accurate proposed so far.54 The evaluation of the perturba
tion term is performed by assuming that for a given tempe
ture, site–site correlations ofn-alkane liquids do not depen
a-
f
r-

-

on chain length. For each temperature it is assumed tha
contribution of each site–site interaction to the perturbat
term is given by the product of a parameter denoted asF1

and the value of the perturbation term evaluated from
Heaviside step function. The value ofF1 for each tempera-
ture is obtained by fitting the orthobaric density of C10. This
procedure provides good values of excess volumes and
cess Gibbs energies forn-alkane mixtures. However, exces
enthalpies do not agree so well with experiment. The
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sumption is made that conformational changes are res
sible for this difference. Certainly, further work to clarif
this point is needed. In particular, computer simulations m
be quite useful. By including the intra-molecular contrib
tion to the free energy and simplifying its formulation, it
then possible to obtain good predictions for excess enthal
once conformational changes are permitted in the mix
process. A second parameter,F2 , is introduced into the
theory, and it is obtained by fitting the excess enthalpy of
C61C16 mixture. The summary is that a perturbation theo
with a molecular flavor is able to describe excess proper
of n-alkanes with an accuracy similar to that obtained by
venerable FOV theory. The theory presented here can
considered only a first step. We hope it encourages fur
theoretical work in the area. In particular, it would be impo
tant to remove the parametersF1 andF2 by purely theoret-
ical results. This could be done if:~i! Site–site correlation
functions for n-alkanes could be evaluated from integr
equations. The PRISM theory65,66 would be a quite good
candidate.~ii ! Conformational changes were included in
self-consistent manner within the theory. To achieve t
goal, further progress is needed in the simplification of

FIG. 5. Excess volume as a function of the molar fraction ofn-octane for
the n-octane1 n-hexadecane mixture. Results from perturbation the
MF1CI ~solid line! and from experiment~symbols! are presented for the
following temperatures:T5293.15 K,T5324.15 K,T5349.15 K andT
5379.15 K.

FIG. 6. Excess enthalpy as a function of the molar fraction ofn-hexane for
the n-hexane1 n-hexadecane mixture. Results from the MF1CI version
the perturbation theory~solid lines! and from experiment~symbols! are
presented for the following temperatures:T5293.15 K,T5313.15 K, and
T5349.15 K.
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intra-molecular term~the number of possible conformer
grows too fast so that the free energy minimization becom
a titanic task for alkanes longer thann-decane! and in de-
scribing the dependence of theA0 andA1 terms on the con-
formational populations. Steps~i! and ~ii ! represent in our
opinion the energy barrier to be passed in order to get qu
titative agreement with experiment from a fully molecul
theory.
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TABLE V. Logarithm of the activity coefficient of component 1 at infinit
dilution for n-alkane mixtures as obtained from experiment, from t
MF1CI theory of this work and from the FOV theory.

ln(g1,̀ )

Mixture t Exp FOV MF1CI

C51C16 30 20.088 20.13 20.049
C51C18 35 20.138 20.173 20.089
C51C24 60 20.274 20.303 20.211
C61C16 20 20.099 20.11 20.065
C61C16 30 20.101 20.116 20.063
C61C16 40 20.094 20.11 20.062
C61C16 50 20.11 20.123 20.06
C61C16 60 20.117 20.123 20.057
C61C18 35 20.131 20.144 20.101
C61C20 40 20.161 20.191 20.141
C61C22 60 20.219 20.248 20.177
C61C24 60 20.253 20.292 20.218
C61C28 70 20.309 20.382 20.293
C71C16 30 20.074 20.085 20.064
C71C18 35 20.113 20.122 20.099
C71C20 40 20.134 20.154 20.137
C71C24 60 20.207 20.242 20.211
C71C32 75 20.364 20.413 20.35
C81C18 35 20.09 20.113 20.09
C81C24 60 20.184 20.222 20.195
C81C32 75 20.325 20.36 20.33
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