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The global phase diagram 共i.e., vapor–liquid and fluid–solid equilibrium兲 of two-center
Lennard-Jones 共2CLJ兲 model molecules of bond length L⫽  has been determined by computer
simulation. The vapor–liquid equilibrium conditions are obtained using the Gibbs ensemble Monte
Carlo method and by performing isobaric-isothermal NPT calculations at zero pressure. In the case
of the solid phase, two close-packed solid structures are considered: In the first structure, the
molecules are located in layers and all molecular axes point in the same direction; and in the second
structure, the atoms form a close-packed arrangement but the molecular axes of the diatomic
molecules have random orientations. It is shown that at the vapor–liquid–solid triple-point
temperature, the orientationally disordered solid is the stable structure for the solid phase of this
model. The vapor–liquid-disordered solid triple-point temperature of the 2CLJ model, with bond
length L⫽  , is located at T * ⫽0.650(4). This is very close to the triple-point temperature of the
Lennard-Jones monomer system (T * ⫽0.687). At very low temperatures, the ordered solid is the
stable phase. The vapor-ordered solid-disordered solid triple point is situated at T * ⫽0.282. The
simulation data are compared to Wertheim’s first-order thermodynamic perturbation theory 共TPT1兲
for the fluid and solid phases. It is found that Wertheim’s TPT1 not only provides an accurate
description of the equation of state in both the fluid and solid phases, but also provides accurate
values of the free energies. The prediction of Wertheim’s TPT1 for the global phase diagram of the
2CLJ model shows excellent agreement with the simulation results, illustrating the possibility of
using Wertheim’s perturbation theory to determine not only the vapor–liquid equilibria but also the
global phase diagram of simple chain model molecules. © 2003 American Institute of Physics.
关DOI: 10.1063/1.1572811兴

I. INTRODUCTION

Since the initial computer simulations in the 1950’s, a
considerable amount of work has been devoted to the determination of the phase diagrams of model molecular systems.
The calculation, by means of computer simulation, of the
phase diagrams of the hard-sphere1,2 and Lennard-Jones
monomer systems3 have played an important role in improving our understanding of the states of matter. In the last
twenty years, the phase diagrams of a number of model systems 共including solid and liquid-crystalline phases兲 have
been obtained by using computer simulation. For example,
studies have been carried out for hard ellipsoids,4 hard
spherocylinders,5 hard cut spheres,6 hard dumbbells,7–9 quadrupolar hard dumbbells,10 fully flexible hard chains,11,12
a兲
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hard charged spheres,13–15 Gay–Berne molecules,16,17 and
simple point charge model water molecules.18
The calculation of the complete phase diagram of a proposed model system can now be carried out within a reasonable amount of time due to the increased speed of modern
computers. However, brute force computational power is not
the only key to the success of simulation studies; much credit
is due to the development of simulation techniques for the
determination of phase equilibria. These techniques are the
Gibbs ensemble Monte Carlo19 and the NPT⫹test particle
methods,20 which are very useful in determining the vapor–
liquid equilibria, the Gibbs–Duhem integration method,21,22
which becomes an invaluable tool when determining fluid–
solid equilibria, the Rahman–Parrinello technique, essential
in the study of solid phases,23,24 and Einstein-crystal calculations, which provide the free energies of solid phases.25 A
general approach to the determination of global phase diagrams by computer simulation would entail:
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Obtaining the vapor–liquid equilibria using the Gibbs
ensemble Monte Carlo technique 共or the NPT⫹test
particle method兲, and determining the orthobaric densities at low pressures by carrying out NPT simulations
at zero pressure.
Determining the equation of state 共EOS兲 of the solid
for one isotherm using the Rahman–Parrinello technique 共or one of its Monte Carlo counterparts兲, and
performing free-energy calculations in the equilibrium
unit cell using Einstein-crystal calculations.
Performing a Gibbs–Duhem integration to obtain the
complete fluid–solid equilibrium curve.

These are the steps that have been followed in the determination of the global phase diagram of model two-center
Lennard-Jones 共2CLJ兲 molecules studied in this work.
Following the success of the Lennard-Jones 共LJ兲 intermolecular potential as a model for atomic fluids, one of the
simplest molecular models that can be proposed is the 2CLJ.
This model consists of two LJ centers with potential parameters ⑀ and  separated from one another by a reduced bond
length of L * ⫽L/  . The vapor–liquid equilibria of 2CLJ
model molecules with different values of L * has been studied by a number of authors,26 –30 and has been the subject of
interest in a large number of theoretical studies.31–35 Somewhat surprisingly, the fluid–solid equilibria has not been
considered in detail, the only exception being the work of
Lisal and Vacek36 who have determined the global phase
diagram 共vapor–liquid–solid兲 for a 2CLJ system with
L * ⫽0.67 by molecular-dynamics computer simulations and
using the Gibbs–Duhem integration method.
In terms of theoretical developments in the field of perturbation theory and equations of state of complex fluids, in
the 1980’s Wertheim37– 40 presented a series of seminal papers developing a theory for associating fluids. It has since
been shown that when the association strength becomes infinitely strong, chains can be formed from a fluid of associating monomers,41,42 thus, an EOS for a chain composed of
freely jointed tangent monomers can be derived solely using
the thermodynamic information of the monomer reference
fluid. In the simplest implementation of the theory, known as
first-order thermodynamic perturbation theory 共TPT1兲, the
only information required to build an approximate EOS for
the chain fluid is the EOS and the pair correlation function of
the monomer fluid at contact. Although Wertheim’s formalism was originally aimed at the study of hard chains, it was
soon realized that it could also be applied to LJ chains.43– 47
Recently, we have explored the possibility of furthering
the usefulness of Wertheim’s TPT1 by applying it to the solid
phase. Vega and MacDowell48 have shown that Wertheim’s
TPT1 can be employed in the treatment of the solid phase for
freely jointed hard-sphere chain molecules, obtaining excellent agreement with the simulation results of Malanoski and
Monson.11 This work has been extended by Blas et al.49 to
deal with fully flexible hard-chain molecules with segment–
segment attractive interactions treated at the mean-field level
of van der Waals. Similar results have also been obtained in
two dimensions.50 Encouraged by these findings, we have
extended Wertheim’s TPT1 to model the solid phase of LJ
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chains,51 and have been able to show that the approach provides a good description of the EOS and good results for the
internal energy of the solid phase of LJ tangent dimers 共2CLJ
with L * ⫽1). It is important to note that Wertheim’s TPT1
can only be used to describe chains formed by ‘‘tangent’’
spheres 共i.e., those with reduced bond lengths L * ⫽1). Since
Wertheim’s TPT1 can provide an accurate description of the
EOS of the 2CLJ model with L * ⫽1 in the fluid and solid
phases, it is natural to wonder whether it could be used to
describe the global phase diagram of the 2CLJ model. It is
important to mention at this stage that an accurate EOS for
the solid phase does not necessarily guarantee the correct
prediction of the fluid–solid equilibria, as the theoretical approach must also provide good estimates for the free energies
in the solid phase. In this work, we determine the phase
diagram of the 2CLJ model 共with L * ⫽1) using computer
simulations, and we compare the phase diagram obtained in
this way with that obtained using Wertheim’s TPT1.
The study of the solid phases of 2CLJ model molecules
implies that a number of structures should be considered.
While a system of LJ monomers freezes into a face-centeredcubic 共fcc兲 close-packed arrangement, in the case of 2CLJ
molecules with L * ⫽1, it is possible to construct, based on
the closed-packed configuration of the LJ monomer solid, a
number of distinct solid structures. Vega, Paras, and
Monson8 have presented several structures of this type for
hard diatomic 共hard dumbbell兲 molecules; each of the arrangements are possible configurations for 2CLJ molecules.
In these structures, the molecules are located in layers, and
the molecular axes of all the molecules in a layer point in the
same direction. In the particular case of the so-called closedpacked 1 共CP1兲 structure, the molecular axes of each of the
molecules in each of the layers point in the same direction.
In the present work, the CP1 configuration is considered as
one of the possible solid structures of the 2CLJ tangent
model. This CP1 solid structure will be denoted as the ordered solid. It was found in Ref. 8 that the differences between the free energies of different ordered solid structures
were small, indicating that the CP1 is a good representative
of these ordered structures. However, it is unlikely that ordered structures correspond to the stable solid phase for the
2CLJ tangent model. Wojciechowski, and co-workers52,53
were the first to suggest that for L * ⫽1, it is possible to build
a solid structure where the atoms follow an fcc close-packed
arrangement, but where the bonds are randomly located
within the solid, with no long-range orientational order between the bond vectors. We also consider this structure in
this work and denote it the disordered solid. In fact,
Wojciechowski et al.52,53 have shown that the stable solid
structure of tangent hard-disk dimers in two dimensions is
formed by a close-packed arrangement of atoms with a disordered arrangement of bonds. The same idea holds true for
hard chains in three dimensions,11 and one may expect that
the same would occur for a three-dimensional 2CLJ tangent
dimer. In this work, it will be shown that the disordered solid
is the stable solid structure for most thermodynamic conditions 共with the exception of very low temperatures兲.
This article is organized as follows: In Sec. II, the extension of Wertheim’s theory to model solid phases of LJ chains
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is described, in Sec. III, we provide details of the computer
simulations performed in this work, in Sec. IV, the results are
presented, and in Sec. V, conclusions are discussed.

冉

It is now well known that Wertheim’s TPT1 can be used
to describe the properties of LJ chains in the fluid phase.54
This was first suggested by Chapman,43 and later confirmed
by Johnson et al.45 The possibility of extending Wertheim’s
TPT1 to treat solid phases has only recently been
explored.48,50,51 It has been shown that an accurate description of the EOS and internal energies of the 2CLJ tangent
model in the solid phase can be obtained following the ideas
of the TPT1 theory of Wertheim. Details of the extension of
Wertheim’s TPT1 to model solid phases of LJ chains have
been given elsewhere;51 here, we provide only an overview
of the main features of the approach.
Let us assume that we have a certain number N ref of
spherical monomer particles within a volume V at temperature T. These spherical particles interact through a spherical
pair potential u ref(r); in this work, the pair potential u ref(r)
is the LJ potential with parameters  and ⑀. We denote this
fluid as the reference fluid, and label its properties with the
superscript ref. Let us also assume that in another container
of volume V at temperature T, we have N⫽N ref/m fully
flexible chains of m monomers each. By fully flexible chains,
we mean chains of m monomers with fixed bond lengths
between monomers L⫽  , and no other constraints 共i.e.,
there is no restriction of either the bonding angles or of the
torsional angles兲. Each monomer of a given chain interacts
with all the other monomers in the system, either in the same
molecule, or in other molecules, with the only exception of
the monomer/s to which it is bonded, interacting via the pair
potential u ref(r). The chain system described so far will be
denoted as the chain fluid. It follows from Wertheim’s TPT1
that the free energy A of the chain model system can be
written as

共1兲

where k B is Boltzmann’s constant, and  ⫽N/V the molecular number density. In Eq. 共1兲, we have set the de Broglie
thermal wavelength to . This expression indicates that the
free energy of the chain may be obtained from a knowledge
ref
of the residual free energy of the reference fluid A residual
and
ref
the background pair correlation function y (  ) of the reference fluid at the bonding distance .55,56 As y(r)
⫽exp关u(r)/kBT兴g(r), and since in the case of the LJ potential
model the pair potential is zero at r⫽  , for this particular
choice of bond length, y(  )⫽g(  ). Replacing y(  ) by
g(  ) in Eq. 共1兲, and differentiating the free energy with respect to density, the EOS is given by

冉

Z⫽mZ ref⫺ 共 m⫺1 兲 1⫹  ref

冊

 ln g ref共  兲
,
 ref

冊

 ln g ref共  兲
U ref
U
.
⫽m ref
⫹ 共 m⫺1 兲 T
Nk B T
N k BT
T

II. BRIEF DESCRIPTION OF WERTHEIM’S
PERTURBATION THEORY

ref
A residual
A
⫽ln共  3 兲 ⫺1⫹m ref
⫺ 共 m⫺1 兲 ln y ref共  兲 ,
Nk B T
N k BT

where we have defined the compressibility factor of the reference monomer system as Z ref⫽ P ref/(  refk B T), with P being the pressure. The corresponding residual part of the internal energy U is given by

共2兲

共3兲

We denote Eqs. 共1兲–共3兲 as Wertheim’s TPT1 theory.
It is useful to note here that the arguments used to derive
Eqs. 共1兲–共3兲 make no special mention of the actual nature of
the phase considered,48,57,58 thus, this approach can be used
to describe both fluid and solid phases. In such a case, all
that is needed in order to obtain a unified theory for the
global phase equilibria of chain molecules is the residual free
energy, compressibility factor, and pair correlation function
of the monomer system both in the fluid and solid phases.
Johnson et al.44,45 have provided values of the free energy
and structural properties 关i.e., g ref(  )] for the monomer LJ
fluid. In this work, we follow their implementation of the
TPT1 of Wertheim to model the fluid phases of 2CLJ molecules.
Van der Hoef59 has recently presented an analytical expression for the free energy of the LJ monomer solid obtained by fitting the most recent simulation results for the
solid phase of this model to a simple functional expression.
We shall use his expression in this work. Values of g ref(  )
for the LJ monomer solid, which are also required in the
TPT1 approach, were obtained by computer simulation in a
previous work51 for a number of temperatures and densities.
The simulations results for g ref(  ) were fitted to an empirical
expression of the same polynomial form than that proposed
by Johnson et al.45 for the fluid phase; the coefficients of the
polynomial can be found in Ref. 51.
III. SIMULATION DETAILS

In this work, we consider diatomic LJ model molecules
formed by two identical LJ sites 共monomers兲 with a bond
distance L⫽  , where  is the diameter of the LJ monomer
共i.e., the monomers are tangential兲. We shall refer to the
model molecules as 2CLJ tangent. The pair interaction between a pair of molecules is given by
i⫽2 j⫽2

u 共 1,2兲 ⫽

兺 兺 4⑀
i⫽1 j⫽1

冋冉 冊 冉 冊 册

rij

12

⫺


rij

6

,

共4兲

where r i j is the distance between site 共monomer兲 i of molecule 1 and site j of molecule 2. In order to determine the
global phase diagram of the 2CLJ tangent molecules, we
have used various simulation techniques. Before describing
the details of each technique, it is useful to note that in all the
simulations performed, the site–site LJ pair potential was
truncated at r c ⫽2.5 , and long-range corrections were
added to all the computed thermodynamic properties 共internal energy, pressure, and chemical potential兲 by assuming
that the site–site pair correlation function is equal to unity
beyond the cutoff.60 A cycle is defined as a trial move per
particle, and a trial volume change. In the case of the Gibbs
ensemble simulations, a cycle also includes N ex attempts to
exchange particles between the boxes. Throughout this work,
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TABLE I. Vapor–liquid coexistence properties for the 2CLJ model with L * ⫽1 as obtained from Gibbs ensemble Monte Carlo simulations for systems containing initially 500⫹500 molecules.  * indicates the reduced
number density of molecules  * ⫽N/V  3 , U * is the residual internal energy per particle in units of ⑀, the
pressure P * is in units of ⑀ /  3 , and the chemical potential  * is in units of ⑀. The reported pressures and
chemical potentials refer to values in the vapor phase 共these values are equal to the corresponding values in the
liquid phase within the statistical uncertainties兲.
T*

*
v

 ᐉ*

U*
v

U ᐉ*

P*

*

1.76
1.75
1.74
1.72
1.70
1.65
1.60
1.55
1.50
1.45
1.40
1.35
1.30
1.20
1.10
1.00

0.0822共58兲
0.0729共46兲
0.0677共61兲
0.0645共43兲
0.0543共31兲
0.0421共28兲
0.0322共22兲
0.0262共14兲
0.0205共12兲
0.0158共10兲
0.011 97共54兲
0.009 46共35兲
0.006 78共45兲
0.003 53共14兲
0.001 55共5兲
0.000 60共3兲

0.2116共158兲
0.2180共147兲
0.2225共116兲
0.2412共56兲
0.2472共63兲
0.2658共50兲
0.2812共34兲
0.2972共28兲
0.3097共19兲
0.3224共25兲
0.3334共20兲
0.3440共21兲
0.3539共17兲
0.3725共18兲
0.3898共16兲
0.4061共12兲

⫺2.260(151)
⫺2.034(124)
⫺1.902(171)
⫺1.840(110)
⫺1.583(87)
⫺1.276(85)
⫺1.010(68)
⫺0.849(49)
⫺0.689(38)
⫺0.549(37)
⫺0.431(22)
⫺0.355(15)
⫺0.263(19)
⫺0.149(7)
⫺0.073(3)
⫺0.032(2)

⫺5.07(32)
⫺5.22(31)
⫺5.33(24)
⫺5.75(12)
⫺5.89(14)
⫺6.35(12)
⫺6.75(8)
⫺7.17(7)
⫺7.51(5)
⫺7.87(6)
⫺8.19(5)
⫺8.51(6)
⫺8.81(5)
⫺9.39(5)
⫺9.96(5)
⫺10.50(4)

0.0723共19兲
0.0686共18兲
0.0655共24兲
0.0625共20兲
0.0564共19兲
0.0463共17兲
0.0372共17兲
0.0305共12兲
0.0243共10兲
0.0189共10兲
0.014 33共55兲
0.011 18共35兲
0.007 96共47兲
0.003 98共15兲
0.001 65共5兲
0.000 59共3兲

⫺6.30(2)
⫺6.32(3)
⫺6.33(3)
⫺6.31(2)
⫺6.34(2)
⫺6.37(3)
⫺6.42(4)
⫺6.44(3)
⫺6.49(4)
⫺6.54(5)
⫺6.61(4)
⫺6.63(3)
⫺6.74(6)
⫺6.92(4)
⫺7.19(3)
⫺7.45(4)

we use reduced units, so that T * ⫽T/( ⑀ /k B ),  * ⫽  3
⫽(N/V)  3 , P * ⫽ P/( ⑀ /  3 ), and U * ⫽U/(N ⑀ ).
A. Vapor–liquid equilibria

The vapor–liquid equilibria of the 2CLJ model has already been considered by a number of authors. Using Gibbs
ensemble simulations, Dubey et al.26 have obtained the
vapor–liquid equilibria of the 2CLJ model system for several
bond lengths, including L * ⫽1. More recently, Stoll et al.28
have studied the vapor–liquid transitions for this model using the NPT⫹test particle method. In the latter work, special
emphasis was placed on the accurate determination of the
critical properties of the system; however, in order to compare this with our theoretical calculations, which incorporate
the description of the solid phase as well as the fluid phases,
we also have an interest in locating the triple point of the
2CLJ model. In this way, computer simulation data of the
vapor–liquid equilibria at lower temperatures than reported
previously is needed.
We have obtained the vapor–liquid properties of the
2CLJ model fluid with L * ⫽1 using the standard Gibbs ensemble Monte Carlo simulation technique. At each temperature T * , an initial configuration is generated by first equilibrating two subsystems 共each containing 500 molecules兲 at
the given T * , and with initial vapor and liquid densities
close to the expected coexistence values. Constant-volume
NVT Monte Carlo simulations are carried out in this equilibration stage, which consisted of approximately 10 000–
20 000 cycles. The resulting configurations are subsequently
used as starting configurations for the Gibbs ensemble run,
which consisted of 50 000 equilibration cycles and 50 000
cycles for collecting averages. The coexistence densities, internal energies, pressures, and chemical potentials for each of
the temperatures considered are presented in Table I.
At low temperatures, the probability of transferring particles between the two subsystems becomes extremely low

共of the order of 1.9⫻10⫺5 at T * ⫽1.0) and, therefore, the
Gibbs ensemble technique was found impracticable for temperatures T * ⬍1.0. As an 共approximate兲 alternative, we performed a series of constant-pressure NPT Monte Carlo simulations of the liquid phase at P * ⫽0 for temperatures in the
range T * ⭐1.0. Given that the coexistence pressure at T *
⫽1.0 is P * ⫽0.000 59(3), this procedure is expected to
yield reliable estimates of the liquid densities at coexistence.
Obviously, the estimates improve as T * decreases. The corresponding results are included in Table II. It is important to
note that even in the most unfavorable case (T * ⫽1.0), the
resulting liquid density obtained with these NPT simulations
关*
ᐉ ⫽0.4058(14) 兴 compares well with the value  ᐉ*
⫽0.4061(12) obtained using the Gibbs ensemble technique.
As well as determining the location of the triple point, it

TABLE II. Density  * and residual internal energy 共per particle兲 U * in the
liquid phase as obtained from NPT Monte Carlo simulations at zero pressure
in a system of 500 2CLJ molecules with L * ⫽1.
T*

*

U*

1.00
0.95
0.90
0.85
0.80
0.75
0.70
0.68
0.66
0.64
0.62
0.6
0.58
0.56
0.54
0.52

0.4058共14兲
0.4139共14兲
0.4220共13兲
0.4295共12兲
0.4372共12兲
0.4451共13兲
0.4527共14兲
0.4575共12兲
0.4601共10兲
0.4630共12兲
0.4662共13兲
0.4697共13兲
0.4726共12兲
0.4755共13兲
0.4778共14兲
0.4799共11兲

⫺10.50(5)
⫺10.78(4)
⫺11.06(4)
⫺11.33(4)
⫺11.61(4)
⫺11.90(5)
⫺12.19(5)
⫺12.36(4)
⫺12.46(5)
⫺12.57(5)
⫺12.70(5)
⫺12.82(5)
⫺12.94(4)
⫺13.06(5)
⫺13.15(5)
⫺13.23(5)
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TABLE III. Helmholtz free energies A for 2CLJ model systems with L * ⫽1 at two state points T * ,  * for two
solid structures. The simulation data were obtained from Einstein-crystal calculations (A EC) for both the disordered solid and for the ordered solid labeled as CP1 共in Ref. 8兲. For the disordered solid, the entropic
contribution due to the degeneracy of the fcc lattice 共taken from Ref. 62兲 is added. Also included are the
corresponding values obtained from Wertheim’s TPT1 theory.
T*

*

Method

Structure

A EC /(Nk B T)

Degeneracy

A/(Nk B T)

1
1
1
2
2

0.5490
0.5490
0.5490
0.580
0.580

Simulation
Theory
Simulation
Simulation
Theory

Disordered solid
Disordered solid
Ordered CP1 solid
Disordered solid
Disordered solid

⫺4.17(3)

⫺1.5194

⫺4.76(3)
3.13共2兲

0
⫺1.5194

⫺5.69(3)
⫺5.69
⫺4.76(3)
1.61共2兲
1.65

is useful to consider the location of the critical point resulting from our Gibbs ensemble calculations. The critical temperature T c and density  c are obtained using the simulation
results for the vapor and liquid coexistence densities and the
relations

* ␤
*
ᐉ ⫺*
v ⫽A 共 T * ⫺T c 兲 ,

共5兲

 ᐉ* ⫹  *
v
⫽B⫹CT * ,
2

共6兲

and

where  ᐉ* and  *
v are the liquid and vapor coexistence densities at temperature T * , A, B, and C are constants, and ␤ is
the corresponding critical exponent; a value ␤ ⫽1/3 was assumed here. The critical pressure P c* is obtained using the
relation
ln P * ⫽a⫹bT * ,

共7兲

where P * is the saturation pressure at temperature T * , and a
and b are constants.
B. The solid phases

The simulation details regarding the solid phase are
similar to those of previous works,8,9,51 and hence we discuss
here only the main features.
As mentioned in Sec. I we have considered two solid
structures: An ordered CP1 structure8 and a disordered structure. In the case of the CP1 solid structure, N⫽256 dimer
molecules are arranged in four layers with 64 2CLJ molecules in each layer. Since the solid CP1 structure does not
have cubic symmetry the Rahman–Parrinello23 modification
of the constant-pressure NPT Monte Carlo technique is used
in order to allow for nonisotropic changes in the simulation
box shape.24 On the other hand, in the case of the disordered
structure, an fcc close-packed arrangement of atoms with the
molecular bonds randomly distributed51 is generated. The
number of molecules in the disordered solid was N⫽432.
Two different random structures were generated and the results reported here correspond to the average obtained over
those different configurations. Since the distribution of bonds
in the solid phase is isotropic, an isotropic scaling of the
volume is performed in these NPT simulations.
The simulations were started at very high pressures
where the density is close to the close-packing limit 共no true
close-packing can be defined when a soft potential such as
the LJ is used, but the reduced number density of the hard-

sphere model at close packing can be used as a good starting
point兲. After generating initial structures at the close-packing
density, these were expanded to lower densities by performing NPT simulations at slowly decreasing pressures. A typical run of the solid phase involved 30 000 equilibration
cycles followed by 30 000 cycles for obtaining equilibrium
properties.
In order to determine the fluid–solid equilibrium, the
free energy of the fluid and solid phases must be calculated.
The residual free energy of the fluid phase A res can be obtained by thermodynamic integration,
A res共  ,T 兲
⫽
Nk B T

冕



0

共 Z 共  ,T ⬘ 兲 ⫺1 兲
d⫺


冕

U
2 dT.
Nk
T⬘
BT
T

共8兲

Following Eq. 共8兲, the free energies of the fluid phase at a
temperature T * ⫽2 共supercritical temperature兲 were obtained
via integration of the compressibility factor along the corresponding isotherm, while the free energies of the fluid phase
at T * ⫽1 were obtained from those at T * ⫽2 integrating
through isochores. In the case of the solid phase, the free
energies can be calculated using the Einstein-crystal
methodology.25 The method used here is quite similar to the
one described in previous works.8,10,17 Translational and orientational springs are used, with a maximum value  max
⫽20 000 for both springs 共note, however, that the units are of
k B T/  2 for the translational spring and of k B T for the orientational spring兲. The free-energy calculations were performed
at T * ⫽1 using ten different values of  in the range 0⭐
⭐ max and, as before, the length of the runs for the freeenergy calculations was 30 000 equilibration cycles⫹30 000
averaging cycles. In the case of the CP1 structure, it is important to mention that the shape of the equilibrium unit cell
at a given density is slightly different from that of close
packing; the free-energy calculations were carried out using
the equilibrium unit cell at each density. The free energy for
the disordered structures was evaluated by considering the
average of two independent disordered configurations. The
results of the free-energy calculations for both the CP1 structure and the disordered structures are given in Table III.

C. Gibbs–Duhem simulations

Once the free energies of the fluid and solid phases are
known at a fixed temperature (T * ⫽1, in this work兲, the
fluid–solid equilibrium can be determined by equating the
pressures and chemical potentials of both phases. Results of
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TABLE IV. Fluid–solid coexistence properties obtained using the Gibbs–
Duhem integration scheme for the 2CLJ model system with L * ⫽1. The
solid structure corresponds to that of the disordered solid. The initial equilibrium point for the Gibbs–Duhem integration was a state at T * ⫽1 and
P * ⫽4.37. Two Gibbs–Duhem integration series were performed starting
from the state at T * ⫽1, the first one was extended to higher temperatures
and the second one to lower temperatures. The equilibrium state at T * ⫽2
with the asterisk was obtained from the Einstein-crystal calculations presented in Table III.  *f and  s* are the fluid and solid densities at fluid–solid
coexistence, respectively.
P*

 *f

 s*

T*

P*

 *f

 s*

20.3695
18.7356
18.5100
17.2771
15.9662
14.7805
13.7032
12.7240
11.8276
11.0048
10.2476
9.5486
8.9020
8.2991
7.7399
7.2180
6.7299
6.2743
5.8470
5.4437
5.0650
4.7082
4.3700

0.5393
0.5348
0.5347
0.5311
0.5278
0.5242
0.5214
0.5182
0.5154
0.5125
0.5104
0.5075
0.5054
0.5030
0.5012
0.4990
0.4970
0.4948
0.4936
0.4915
0.4897
0.4882
0.4871

0.5835
0.5798
0.5784
0.5761
0.5728
0.5695
0.5669
0.5637
0.5613
0.5587
0.5565
0.5542
0.5520
0.5500
0.5480
0.5461
0.5444
0.5427
0.5412
0.5393
0.5380
0.5364
0.5354

1.0000
0.9804
0.9615
0.9434
0.9259
0.9091
0.8929
0.8772
0.8621
0.8475
0.8333
0.8197
0.8065
0.7937
0.7812
0.7692
0.7576
0.7463
0.7353
0.7246
0.7143
0.7042
0.6944
0.6849
0.6757
0.6667
0.6579
0.6494

4.3700
4.1131
3.8667
3.6311
3.4053
3.1885
2.9800
2.7795
2.5868
2.4016
2.2235
2.0514
1.8856
1.7260
1.5721
1.4233
1.2795
1.1401
1.0056
0.8753
0.7492
0.6269
0.5084
0.3930
0.2813
0.1727
0.0671
0.0003

0.4871
0.4855
0.4839
0.4827
0.4816
0.4803
0.4794
0.4786
0.4773
0.4768
0.4759
0.4746
0.4734
0.4730
0.4720
0.4712
0.4705
0.4690
0.4684
0.4675
0.4665
0.4655
0.4656
0.4637
0.4631
0.4629
0.4621
0.4617

0.5354
0.5342
0.5332
0.5319
0.5314
0.5301
0.5292
0.5282
0.5275
0.5268
0.5258
0.5250
0.5243
0.5232
0.5227
0.5217
0.5212
0.5204
0.5197
0.5189
0.5185
0.5176
0.5172
0.5166
0.5160
0.5152
0.5150
0.5147

T*
2.1053
2.0000
2.0000*
1.9048
1.8182
1.7391
1.6667
1.6000
1.5385
1.4815
1.4286
1.3793
1.3333
1.2903
1.2500
1.2121
1.1765
1.1429
1.1111
1.0811
1.0526
1.0256
1.0000
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A simulation is then carried out at temperature T 1 and pressure P 1,1 , and the right-hand side of Eq. 共10兲 共i.e., the function f 1,1) is evaluated. A second guess for P 1 is given by
P 1,2⫽ P 0 exp共 ⌬ ␤ 共 f 0 ⫹ f 1,1兲 /2兲 .

共12兲

A simulation at temperature T 1 and pressure P 1,2 is carried
out, and the right-hand side of Eq. 共10兲 共i.e., the function
f 1,2) evaluated. Similarly, a third guess for P 1 is
P 1,3⫽ P 0 exp共 ⌬ ␤ 共 f 0 ⫹ f 1,2兲 /2兲 .

共13兲

Finally, the estimate of the coexistence pressure P 1 corresponding to T 1 is obtained as
P 1 ⫽ 共 P 1,2⫹ P 1,3兲 /2.

共14兲

The length of the runs at each P 1,1 , P 1,2 , and P 1,3 were
typically of 5000 equilibration cycles and 5000 averaging
cycles. Once the coexistence pressure for a temperature is
determined, runs of 30 000⫹30 000 cycles are used to determine the equilibrium properties at coexistence. We have typically used a step ⌬3 * ⫽⌬3 ⑀ ⫽0.02 in the integration. The
algorithm was checked by implementing this Gibbs–Duhem
integration scheme to determine the fluid–solid equilibrium
properties of a LJ monomer system; excellent agreement
with previous results obtained by other authors was
found.59,61 We estimate the uncertainty of our Gibbs–Duhem
simulation results to be approximately 0.5%.
In the implementation of the Gibbs–Duhem method, we
have carried out isotropic NPT simulations for the fluid
phase, isotropic NPT simulations for the disordered solid
structure, and nonisotropic NPT simulations for the ordered
solid structure. The Gibbs–Duhem calculations were run on
a dual Athlon XP2000 and a parallel version of the program
was developed using OPENMP. In this way, the Gibbs–
Duhem simulations were almost twice as fast as those undertaken on a single processor.
IV. RESULTS

the fluid–solid equilibrium at this temperature are reported in
Table IV. In order to obtain the complete fluid–solid coexistence curve in a range of temperatures, the Gibbs–Duhem
integration technique can be used. We have used a modified
version of the Clausius equation

冉 冊

dP
⌬h
⫽
,
dT
T⌬ v

共9兲

which can be written as

冉 冊

ln P
⌬h
⫽⫺
⫽f,
d␤
␤ P⌬ v

共10兲

where ␤ ⫽1/T, and ⌬h and ⌬ v are the enthalpy and volume
changes per particle between the fluid and solid phases, respectively. The integration of Eq. 共10兲 requires an initial coexistence point 共here, the fluid–solid equilibrium results at
T * ⫽1 are used兲, a simple trapezoidal rule can then be used
with a step ⌬␤. One assumes that for a certain temperature
T 0 , the coexistence pressure P 0 is known, and that we wish
to calculate the coexistence pressure P 1 for a temperature
T 1 . An initial guess of P 1 is estimated as
P 1,1⫽ P 0 exp共 ⌬ ␤ f 0 兲 .

共11兲

First, we examine the vapor–liquid equilibria. In Table I,
the results of the vapor–liquid Gibbs ensemble simulations
can be seen and, in Table II, the NPT simulations at zero
pressure are presented. The estimated critical properties of
the 2CLJ fluid obtained using the computer simulation data
in this work are T c* ⫽1.784(7),  *
c ⫽0.144(3), and P c*
⫽0.103(13). These results are in good agreement with the
previous estimates of Dubey et al.26 (T *
c ⫽1.78(1), and  *
c
⫽0.149(1)). In Figs. 1 and 2, the vapor–liquid coexistence
densities and the vapor pressure curve obtained from our
simulations and from Wertheim’s TPT1 are presented, respectively. The results of Dubey et al.26 are also included for
comparison. As expected, Wertheim’s TPT1 provides a very
good description of the vapor–liquid coexistence properties
共densities and pressures兲 of the 2CLJ model fluid.
Let us now focus on the properties of the solid phase. In
Sec. II, we provided the main expressions of the EOS of the
2CLJ model in the solid phase following the TPT1 framework of Wertheim; the equation was presented in a previous
work,51 and additional details can be found therein. The free
energies of the solid phases obtained by computer simulation
in this work are presented in Table III. As mentioned earlier,
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FIG. 1. Vapor–liquid coexistence curve (T –  representation兲 for the 2CLJ
model system with L * ⫽1 from computer simulation 共symbols兲 and predictions from Wertheim’s TPT1 共curve兲. The open circles correspond to the
Gibbs ensemble Monte Carlo simulation results obtained in this work, the
squares to the Gibbs ensemble data obtained by other authors 共see Ref. 26兲,
the diamonds to the liquid densities obtained in this work using NPT Monte
Carlo simulations at zero pressure, and the closed circle to the critical point
关estimated by the scaling relations given by Eqs. 共5兲 and 共6兲兴.

in the case of the disordered solid structure, the results correspond to the average of two independent disordered configurations. In Table III, the calculated free energies using
Wertheim’s TPT1 have also been included. It can be seen
that the theoretical approach provides accurate predictions of
the free energy of the disordered solid. It is important to note
here that, in order to obtain the free energy of the disordered
solid, the contribution of the degeneracy entropy must be
added to the free energy obtained from the Einstein-crystal
calculations. This is due to the fact that this method provides
the free energy associated with a given solid configuration
and, therefore, the degeneracy entropy must be added to account for the number of ways of organizing a disordered
solid configuration. In the case of dimer molecules on an fcc

FIG. 2. Vapor pressure curve ( P – T representation兲 for the 2CLJ model
system with L * ⫽1 from computer simulation 共symbols兲 and predictions
from Wertheim’s TPT1 共curve兲. See Fig. 1 for details of the symbols.

Vega et al.

FIG. 3. T –  representation of the global phase diagram 共including vapor,
liquid, and solid phases兲 for the 2CLJ model system with L * ⫽1 from simulation results 共symbols兲 and predictions from Wertheim’s TPT1 共solid
curves兲. The closed squares correspond to the triple-point properties estimated from simulation, the ‘‘up’’ triangles to the fluid–solid coexistence
data obtained from Gibbs–Duhem simulations, and the inverted triangles to
the vapor–solid coexistence data obtained from NPT simulations at zero
pressure. The remaining symbols are the same as those in previous figures.

lattice, the estimation of the number of ways of arranging the
configuration is known as the ‘‘dimer problem.’’ Nagle62 proposed an accurate estimate of the degeneracy entropy giving
A/(Nk B T)⫽⫺1.5194. It is clear from Table III that, for a
given density, the free energy of the disordered solid is lower
than that of the ordered CP1 solid, meaning that the stable
solid structure for the 2CLJ model corresponds to the disordered solid and not to the ordered CP1 solid. This was first
shown in a two-dimensional hard-disk dimer system by
Wojciechowski et al.;52,53 our results indicate that the same
conclusion holds true in the case of a three-dimensional
2CLJ solid. It is important to note, however, that 共stable兲
disordered structures are not possible for values of L * significantly different from unity. For values of L * less than 1,
the stable solid phase is expected to exhibit an ordered structure; i.e., the singular nature of the model with L * ⫽1 makes
the existence of the disordered solid possible.
Once the free energy of the solid is known, it is possible
to determine the fluid–solid equilibrium for a given temperature. The equilibrium pressure corresponding to a temperature T * ⫽1 is found to be P * ⫽4.37. This coexistence point
can then be used as the starting point for the Gibbs–Duhem
integration. Representative coexistence points obtained using
the Gibbs–Duhem integration method are presented in Table
IV. In Fig. 3, the temperature–density projection of the global 共solid–liquid–vapor兲 phase diagram for a 2CLJ model
system is shown, and in Fig. 4, the pressure–temperature
projection is presented. The triple-point temperature, estimated using the simulation results of this work, is found to
be T *
t ⫽0.650(4). This temperature is found both by extrapolating the fluid–solid coexistence pressure to zero 共the
pressure at the triple point is expected to be very close to
zero兲, and by finding the temperature at which the density of
the fluid at zero pressure becomes identical to that of the
fluid at the fluid–solid coexistence curve. The corresponding
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FIG. 4. P – T representation of the global phase diagram 共vapor, liquid, and
solid phases兲 for the 2CLJ model system with L * ⫽1 from simulation results 共symbols兲 and Wertheim’s TPT1 共solid curves兲. See Fig. 3 for details of
the symbols. The inset shows the P – T diagram at high pressure.

coexistence densities at the triple point are  *f ⫽0.462, and
 s* ⫽0.515. In Figs. 3 and 4, the results obtained using the
equations based on Wertheim’s TPT1 are also included. It is
clearly seen that the theory provides an accurate description
of the coexistence properties of the 2CLJ model, including
the fluid–solid equilibria. The theory predicts a triple point at
T*
t ⫽0.653, in excellent agreement with the simulation result. The triple-point temperature in a LJ monomer system
predicted by the theory 共i.e., m⫽1 here兲 is found to be T t*
⫽0.687, which is also in excellent agreement with the computer simulation estimate of Agrawal and Kofke61 (T t*
⫽0.687). As can be seen, the triple-point temperature of the
LJ dimer is 5% lower than that of the LJ monomer. The
comparison can be seen more clearly in Fig. 5, where the
phase diagram of the monomer LJ and of the 2CLJ model

FIG. 5. T –  representation of the global phase diagram 共vapor, liquid, and
solid phases兲 of the LJ system 共solid curves兲, and that of the 2CLJ model
system with L * ⫽1 共dashed curves兲. The reduced number density of monomers is denoted as  m* ⫽m  * .

Phase diagram of a two-center Lennard-Jones model
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FIG. 6. T –  representation of the global phase diagram of the 2CLJ system
obtained in this work from Gibbs–Duhem simulations in the case of an
ordered CP1 solid phase. The symbols have the same meaning as those in
Fig. 3.

systems are shown. Note that in the Fig. 5, the density is
expressed as the number of monomers per unit volume.
It is also useful to compare these results with those of
the case in which the ordered structure of 2CLJ molecules is
considered to be the stable phase. In Fig. 6, the phase diagram in such a case is presented. Results for the fluidordered solid transition found from Gibbs–Duhem simulations are presented in Table V. The triple point in this case
would be located at T t ⫽0.534(5). The lower stability of the
ordered phase provokes a decrease in the triple-point temperature, shifting the fluid–solid equilibrium to higher densities. The triple-point temperature of the 2CLJ model system with L * ⫽0.67 has been determined by Lisal and
TABLE V. Fluid–solid coexistence conditions obtained using the Gibbs–
Duhem integration method for a 2CLJ model system with L * ⫽1. The solid
structure corresponds to that of the ordered CP1 solid. The initial equilibrium point for the Gibbs–Duhem integration was a state at T * ⫽1 and P *
⫽11.10. The density at coexistence of the fluid is denoted as  *f , whereas
that of the solid is denoted as  s* .
T*

P*

 *f

 s*

1.0000
0.9524
0.9091
0.8696
0.8511
0.8163
0.7843
0.7692
0.7407
0.7143
0.6897
0.6780
0.6431
0.6116
0.5831
0.5571
0.5494
0.5347

11.1000
9.8125
8.6666
7.6431
7.1734
6.3058
5.5254
5.1614
4.4873
3.8734
3.3110
3.0481
2.2769
1.5988
0.9989
0.4648
0.3077
0.0209

0.5399
0.5346
0.5318
0.5259
0.5233
0.5191
0.5149
0.5141
0.5107
0.5064
0.5031
0.5014
0.4966
0.4921
0.4882
0.4825
0.4830
0.4794

0.5741
0.5693
0.5653
0.5612
0.5595
0.5560
0.5524
0.5510
0.5476
0.5448
0.5419
0.5409
0.5365
0.5331
0.5293
0.5260
0.5253
0.5232
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are small, but clearly visible. Simulations results for ordered
and disordered solids were presented in tabular form in Ref.
51 and shall not be reproduced here. In order to evaluate the
free energy of the ordered and disordered solid phases at low
temperatures, we have performed NVT simulations of the
solid phase at constant density  * ⫽0.549 共using the equilibrium shape of the unit cell兲, starting at temperature T * ⫽1
and ending at T * ⫽0.20. Thermodynamic integration yields
the following expression for the free energies of the solid
phase along the isochore:
A
A
共  * ⫽0.549,T * 兲 ⫽
共  * ⫽0.549,T * ⫽1 兲
Nk B T
Nk B T
⫺
FIG. 7. Sketch of the T t /T c ratio for 2CLJ model systems. 共See Refs. 61
and 36, respectively, for the results for L * ⫽0 and those corresponding to
L * ⫽0.67.) The results for L * ⫽1 were obtained in this work, both for the
ordered 共open circle兲 and disordered solid structures 共filled circle兲. The solid
line connects the simulation results 共of Ref. 36兲 with those of the ordered
solid of this work. The dashed line is a sketch, and is not based on calculations.

Vacek36 at T *
t ⫽0.62 共in this case, the stable structure of the
solid is the ordered one兲. When compared to the critical
point, the ratio T t /T c in the system with L * ⫽0.67 takes a
value T t /T c ⫽0.27, while for the model with L * ⫽1 this ratio takes a value T t /T c ⫽0.36 when the 共stable兲 disordered
structure is considered, and T t /T c ⫽0.30 when the ordered
CP1 structure is assumed. These calculations show that for
the ordered solid, the ratio T t /T c is roughly constant with a
value of about 0.27, and slowly increases with L * . This conclusion holds for systems with bond lengths L * ⬎0.4 共no
plastic crystal phases are possible兲.63 A marked difference is
noted in comparison with the T t /T c ratio of the LJ monomer
fluid (T t /T c ⫽0.687/1.31⫽0.52). In summary, the triplepoint temperature is about 0.3 of the critical point in the case
of 2CLJ fluids with L * ⬎0.4, but it is 1/2 of the critical
temperature in monomer LJ fluids. More work is needed to
assess the variation of T t /T c with L * , especially in the range
of small values of L * where plastic crystal phases are possible. However, the results of this work allow one to obtain a
tentative value for the ratio T t /T c of 2CLJ models of varying
L * . This is presented in Fig. 7. The results of this work are
in line with the predictions of the mean-field theory proposed
by Paras et al.63
Let us finish by discussing the phase behavior of the
2CLJ at very low temperatures. For the range of temperatures considered so far 共above the triple point兲, the disordered solid phase was found to be the stable phase. However,
it is not clear which is the stable solid phase at very low
temperatures, since the ordered and disordered solids have
different thermodynamic properties. The differences may be
summarized as follows. For a certain temperature and density, the ordered solid has a slightly higher pressure, and a
slightly lower internal energy, than the disordered solid.
Zero-pressure densities of the ordered solid are slightly
smaller than those of the disordered solid. The differences

冕

T*

1

U
dT * .
N⑀共 T*兲2

共15兲

To perform the integral of Eq. 共15兲, we have fitted the
residual internal energy to the following expression:
U
⫽c 0 ⫹c 1 T * ⫹c 2 共 T * 兲 2 ⫹c 3 共 T * 兲 3 ⫹c 4 共 T * 兲 4 .
N⑀

共16兲

The values of coefficients c 0 ⫺c 4 from Eq. 共16兲, corresponding to the ordered solid, are ⫺16.538, 2.3769,
⫺0.074 064, ⫺0.141 85, and 0.090 332, whereas those for
the disordered solid are ⫺16.223, 2.5488, ⫺0.38 096,
0.271 78, and ⫺0.116 38. The values of the free energy at
the reference state defined by  * ⫽0.549 and T * ⫽1 for the
ordered and disordered solids were taken from Table III. It
was found that the Helmholtz free energies of the ordered
and disordered solids were identical for  * ⫽0.549 and T *
⫽0.28. NPT simulations were performed for both the ordered and disordered solids at T * ⫽0.28, and the EOS and
chemical potentials were evaluated for both types of solids.
It was found that at low pressures, the ordered solid was
more stable 共lower chemical potential for a certain pressure兲
than the disordered solid. At high pressures, the disordered
solid turns out to be the stable phase. We locate the firstorder phase transition between the ordered and the disordered solid phase at P * ⫽0.54 for T * ⫽0.28. Taking this
state as the initial equilibrium point, Gibbs–Duhem integration was performed in order to evaluate the coexistence line
between the ordered and the disordered solid. Results are
presented in Table VI and Figs. 8 and 9. As can be seen, the
ordered solid is indeed the stable phase at low temperatures
and pressures. The vapor-ordered solid-disordered solid
triple point is located at T * ⫽0.282, the densities of the ordered and disordered solids being  o* ⫽0.5433 and  d*
⫽0.5462, respectively. It is noticeable in Fig. 8 that the density jump between the two solid phases is small, and in Fig.9
that the slope of the ordered solid–disordered solid phase
transition is negative. Using the Clapeyron relation, it can be
shown that the negative slope follows from a negative value
of ⌬ v 共the disordered solid has a higher density than the
ordered one兲 and a positive value of ⌬h 共the disordered solid
has a higher enthalpy than the ordered solid兲. Is it possible to
provide a simple explanation for the fact that the ordered
solid is the stable phase at low temperatures? Notice that we
are using classical statistical thermodynamics here 共although
for a real substance at such low temperatures, a quantum
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TABLE VI. Ordered solid–disordered solid coexistence conditions obtained
using the Gibbs–Duhem integration method for a 2CLJ model system with
L * ⫽1. The initial equilibrium point for the Gibbs–Duhem integration was a
state at T * ⫽0.28 and P * ⫽0.54. The density at coexistence of the ordered
solid is denoted as  o* , whereas that of the disordered solid is denoted as
*
d .
T*
0.2800
0.2652
0.2518
0.2397
0.2288
0.2141
0.2011
0.1897
0.1795
0.1522
0.1321
0.1167
0.1045

P*

*
o

*
d

0.5400
2.8245
4.7287
6.4268
7.8639
9.6654
11.1460
12.4245
13.5732
16.8007
19.3293
21.3610
23.0255

0.5476
0.5627
0.5729
0.5812
0.5876
0.5953
0.6013
0.6063
0.6107
0.6221
0.6302
0.6365
0.6414

0.5507
0.5657
0.5761
0.5846
0.5914
0.5995
0.6057
0.6109
0.6152
0.6266
0.6346
0.6408
0.6457

treatment would be required兲. The key issue is that for a
certain density, the internal energy of the ordered solid is
lower than that of the disordered solid. This is due to the fact
that the ordered solid is noncubic and can distort 共relax兲 the
lattice parameters in an attempt to decrease the internal energy. The disordered solid cannot optimize the parameters of
the unit cell since the distribution of bonds in the solid is
isotropic. Notice that we are using anisotropic NPT Monte
Carlo 共Rahman–Parrinello type兲 for the ordered solid and
isotropic NPT for the disordered solid. In the integrand of
Eq. 共15兲, the internal energy appears as divided by (1/T 2 ).

FIG. 9. Global phase diagram 共in the P – T representation兲 of the 2CLJ
model as obtained from the simulation results of this work. The solid line
corresponds to the disordered solid–ordered solid coexistence obtained from
Gibbs–Duhem integration, and the symbols are the same as those in Fig. 4.
The regions of stability of the fluid (F), the OS and the DS are also shown.
Two triple points appear in the phase diagram: The vapor–liquid-disordered
solid and vapor-ordered solid-disordered solid points. The pressure curves
associated with both sublimation lines 共vapor-ordered solid and vapordisordered solid兲 are not visible on the scale.

Therefore, the integrand becomes large at low temperatures
and differences between ordered and disordered solids can be
significant at low temperatures. In fact, this is exactly what
happens. The lower internal energy of the ordered solid is
able to compensate for the absence of the degeneracy entropy. This leads to the appearance of an small region of
stability for the ordered solid in the phase diagram.
V. CONCLUSIONS

FIG. 8. Global phase diagram 共in the T –  representation兲 of the 2CLJ
model as obtained from the simulation results of this work. The solid lines
correspond to the ordered–disordered solid coexistence curve, the up filled
triangles to the vapor-ordered solid-disordered solid triple-point obtained
from Gibbs–Duhem integration, the ‘‘left-hand side’’ triangles to the vaporordered solid coexistence data obtained from NPT simulations at zero pressure, and the remaining symbols are the same as those in Fig. 3. The regions
of stability of the ordered solids 共OS兲 and disordered solids 共DS兲 solids are
also shown. Two triple points appear in the phase diagram: The vapor–
liquid-disordered solid point, located at T t* ⫽0.650 共filled squares兲, and the
vapor-ordered solid-disordered solid point, located at T t* ⫽0.282 共filled triangles兲.

The global phase diagram of 2CLJ model molecules
with L * ⫽1 has been determined by computer simulation.
The vapor–liquid equilibria was obtained using Gibbs ensemble simulations and NPT simulations at zero pressure
were used to determine the orthobaric densities at low temperatures. In terms of the fluid–solid equilibria, free-energy
calculations at a given temperature and density were first
carried out, and the equilibrium at the specified point was
obtained. The Gibbs–Duhem integration method was then
used to determine the complete fluid–solid coexistence
curve. It is found that the equilibrium solid structure for the
2CLJ with L * ⫽1 corresponds to a disordered solid in which
the atoms form an fcc lattice but the molecular bonds are
oriented randomly within the lattice. The corresponding
triple-point properties are found to be T t* ⫽0.650,  *f
⫽0.462, and  s* ⫽0.515. As was found for two-dimensional
disk dimers and for fully flexible hard-sphere chains, the
stable solid structure is a disordered one. This seems to be a
general feature of fully flexible models of chain molecules
formed by tangent monomers. Wojciechowski et al.52,53 suggested this possibility. Note, however, that the equilibrium
solid structures in models with arbitrary values of L * are not
expected to be disordered; it is likely that molecular systems
with a bond length L * different from 1 will exhibit ordered
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structures as the stable solid phases. We have shown that
Wertheim’s TPT1 can be used to study both fluid and solid
phases of chainlike LJ molecules. The theoretical approach
provides not only an accurate EOS, but also accurate values
of the free energies for both fluid and solid phases. As a
result, we have been able to show the excellent agreement
found between the computer simulation phase equilibrium
data and the calculated phase diagram for the 2CLJ model
system, including the vapor–liquid–solid triple point. This
article validates the fact that Wertheim’s TPT1 can be used to
predict phase diagrams of fully flexible LJ chains as was first
shown in Ref. 51. By comparing the triple-point temperature
T t of the 2CLJ with that of the monomer, it is found that the
dimer system has a T t 5% lower than that of the monomer
system.
The fluid–solid equilibrium between the fluid and an
ordered solid has also been obtained by means of computer
simulations. In this case, the triple point is found at T t*
⫽0.534, which means that the ratio T t /T c ⫽0.30 for the ordered solid with L * ⫽1. Lisal and Vacek36 evaluated this
ratio for a system with L * ⫽0.67 obtaining T t /T c ⫽0.27. It
seems that in 2CLJ systems, the ratio T t /T c slowly increases
with L * in the region where the stable solid phase is ordered,
i.e., 0.4⭐L * ⬍1, as was predicted some time ago using a
mean-field approach.63
For the model considered here, the 2CLJ with L * ⫽1,
the disordered solid was found to be the stable solid phase
for most of thermodynamic conditions. However, it has been
found that at very low temperatures 共substantially below the
triple point兲, the stable solid phase is an ordered solid. The
lower internal energy of the ordered solid is able to compensate for the absence of the degeneracy entropy leading to the
appearance of an small region of stability for the ordered
solid.
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