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In what follows, we show the derivation of molecular pressure tensor equations and calculation details.

1 Derivation of pressure tensor in spherical coordinates

Here we will present a full derivation for three diagonal elements in the local spherical pressure tensor for rigid
molecules. A coarse-grained version has been presented in Ref. [1]. The derivation presented here follows the one
for the hard sphere [2] but now we extend the formulation to rigid molecules.

Figure 1: Spherical coordinate system with corresponding unit vectors in each direction. Adapted from Ref. [2]

In spherical coordinates, (R, θ, ϕ), due to the symmetry of the droplet, the local pressure tensor can be written
as
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P (R) = PN (R) êRêR + PT (R) (êθ êθ + êϕêϕ) , (1)

where PN = PRR is the normal pressure in the radial direction; PT = Pθθ = Pϕϕ is the tangential pressure, and
the polar component, Pθθ, is equivalent to the azimuthal component, Pϕϕ. The orthogonal unit vectors are

êR =

 sin θ cosϕ
sin θ sinϕ

cos θ

 êθ =

 cos θ cosϕ
cos θ sinϕ
− sin θ

 êϕ =

 − sinϕ
cosϕ

0

 . (2)

If a system is under the condition of hydrostatic equilibrium and there is no external field, we have ∇ ·P = 0,
i.e.,

PT (R) = PN (R) +
R

2

dPN (R)

dR
. (3)

The total pressure tensor is composed of two parts: the kinetic part and the configurational part. The kinetic
part is well defined and is given by PK (R) = ρ (R) kBT1, where ρ (R) is the number density at a radial position R;
kB is the Boltzmann constant, T is temperature and 1 is the second order unit tensor. For molecules interacting in
pairwise fashion, the configurational part is given by [3, 4]

PC (r) =
1

2

〈∑
i 6=j

∑
a

∑
b

Fiajb

∫
Cij

dl̃δ
(
r− l̃

)〉
, (4)

where 〈...〉 is the ensemble average; Fiajb is the force vector between interacting site a in molecule i and interacting
site b in molecule j. Contour Cij is defined as an arbitrary contour connecting the center of mass (COM) of two
interacting molecules. Prefactor 1/2 is to account for double counting of molecules. The contour definition in the
path integral was chosen to be that of Irving and Kirkwood [5, 6], which is a straight line connecting two interacting
molecules:

l̃ = ri + αrij , (5)

where position vector rij = rj − ri. Parameters α varies from 0 to 1. The derivative of the contour vector l̃
gives,

dl̃ = rijdα. (6)

The delta function in Eq. 4 can be rewritten in spherical coordinates as

δ
(
r− l̃

)
=

1

R2 sin θ
δ (R−Rl) δ (θ − θl) δ (ϕ− ϕl) . (7)

Substituting Eq. 7 into Eq. 4 gives

PC (r) =
1

2

〈∑
i6=j

∑
a

∑
b

riajb
riajb

Fiajb
1

R2 sin θ

∫
Cij

dl̃δ (R−Rl) δ (θ − θl) δ (ϕ− ϕl)

〉
, (8)

where riajb is the scalar distance and Fiajb is the scalar pair force.

1.1 Normal (Radial) Pressure PN

The normal pressure is only a function of the radial distance R, we need to perform an average of the normal
pressure over both polar and azimuthal angles so as to integrate out unnecessary variables (θ, ϕ),

PCN (R) =
1

4π

∫ 2π

0

dϕ

∫ π

0

sin θdθ
[
êR ·PC (r) · êR

]
. (9)

The bracket double dot product term in Eq. 9 essentially takes the diagonal element PCRR out of the 2nd-order
pressure tensor. Substituting Eq. 8 into Eq. 9 gives,

PCN (R) =
1

8πR2

〈∑
i 6=j

∑
a

∑
b

∫ 2π

0

dϕ

∫ π

0

dθ

∫
Cij

dl̃ · êR
riajb · êR
riajb

Fiajbδ (R−Rl) δ (θ − θl) δ (ϕ− ϕl)

〉
. (10)
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Since ∫ a+ε

a−ε
f (α) δ (α− a) dα = f (a) , ε > 0, (11)

we can perform the integration over polar and azimuthal angles and Eq. 10 becomes

PCN (R) =
1

8πR2

〈∑
i 6=j

∑
a

∑
b

∫
Cij

dl̃ · êR,l
riajb · êR,l
riajb

Fiajbδ (R−Rl)

〉
, (12)

where êR,l is the radial unit vector with θ = θl and ϕ = ϕl. Using the differential in Eq. 6 and using the identity,∫ d

c

f (α)dα =

∫ +∞

−∞
f (α)H (α− c)H (d− α) dα. (13)

Eq. 12 becomes

PCN (R) =
1

8πR2

〈∑
i6=j

∑
a

∑
b

∫ 1

0

dα
(rij · êR,l) (riajb · êR,l)

riajb
Fiajbδ (R−Rl)

〉

=
1

8πR2

〈∑
i6=j

∑
a

∑
b

∫ +∞

−∞
dα

(rij · êR,l) (riajb · êR,l)
riajb

FiajbH (α)H (1− α) δ (R−Rl)

〉
(14)

where H (x) is the Heaviside step function. Applying Eq. 11 and the identity

δ [f (α)] =
∑
k

1

|f ′ (αk)|
δ (α− αk) , (15)

where f ′ (α) = df/dα and αk is a simple root of f (αk) = 0, to Eq. 14 yields

PCN (R) =
1

8πR2

〈∑
i6=j

∑
a

∑
b

∫ +∞

−∞
dα

(rij · êR,l) (riajb · êR,l)
riajb

FiajbH (α)H (1− α)
∑
k

1

|rij · êR,l|
δ (α− αk)

〉

=
1

8πR2

〈∑
i6=j

∑
a

∑
b

∑
k

(rij · êR,αk
) (riajb · êR,αk

)

|rij · êR,αk
|

Fiajb
riajb

H (αk)H (1− αk)

〉
, (16)

recalling Rl (α) =
√

(xi + αxij)
2

+ (yi + αyij)
2

+ (zi + αzij)
2

and αk are the roots of a quadratic equation,

R = Rl, i.e.,

(rij)
2
α2 + 2αri · rij + (ri)

2 −R2 = 0. (17)

If the discriminant of Eq. 17 is smaller than zero, there is no contribution to the surface R; if the discriminant
is equal to zero, contour l̃ is tangent to the spherical surface of radius R, and rij · êR,αk

= 0 thus there is no
contribution to the surface R either. Only if the discriminant is larger than zero, the force between ij-molecule
then contributes to the local pressure (but αk must be between 0 and 1). The radial unit vector êR,αk

at α = αk
is given by

êR,αk
=

 (xi + αkxij)/R
(yi + αkyij)/R
(zi + αkzij)/R

 . (18)

Because the contour from i to j and the contour from j to i are physically equivalent, we can further simplify
Eq. 16 and do the summation over pairs (i < j),

PCN (R) =
1

4πR2

〈∑
i<j

∑
a

∑
b

2∑
k=1

(rij · êR,αk
) (riajb · êR,αk

)

|rij · êR,αk
|

Fiajb
riajb

H (αk)H (1− αk)

〉
. (19)
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Combining the kinetic and configurational contributions together, the total normal pressure is

PN (R) = ρ (R) kBT +
1

4πR2

〈∑
i<j

∑
a

∑
b

2∑
k=1

(rij · êR,αk
) (riajb · êR,αk

)

|rij · êR,αk
|

Fiajb
riajb

H (αk)H (1− αk)

〉
. (20)

1.2 Polar Pressure Pθθ

The local polar pressure only depends on the radial distance R, an integration over the polar and azimuthal angles
must be carried out in a similar manner to Eq. 9. The polar pressure component is given by

PCθθ (R) =
1

4π

∫ 2π

0

dϕ

∫ π

0

sin θdθ
[
êθ ·PC (r) · êθ

]
. (21)

Applying Eq. 8 gives

PCθθ (R) =
1

8πR2

〈∑
i 6=j

∑
a

∑
b

∫ 2π

0

dϕ

∫ π

0

dθ

∫
Cij

dl̃ · êθ
riajb · êθ
riajb

Fiajbδ (R−Rl) δ (θ − θl) δ (ϕ− ϕl)

〉
. (22)

Integrating out variable θ and ϕ leads to

PCθθ (R) =
1

8πR2

〈∑
i 6=j

∑
a

∑
b

∫
Cij

dl̃ · êθ,l
riajb · êθ,l
riajb

Fiajbδ (R−Rl)

〉
, (23)

where êθ,l is the polar unit vector with θ = θl and ϕ = ϕl. Now, replacing the line element dl̃ in Eq. 23 with
Eq. 6 results in

PCθθ (R) =
1

8πR2

〈∑
i 6=j

∑
a

∑
b

∫ 1

0

dα
(rij · êθ,l) (riajb · êθ,l)

riajb
Fiajbδ (R−Rl)

〉
. (24)

Applying the identity (Eq. 15) to above Eq. 24 and carrying out the integration yields,

PCθθ (R) =
1

8πR2

〈∑
i 6=j

∑
a

∑
b

2∑
k=1

(rij · êθ,αk
) (riajb · êθ,αk

)

|rij · êR,αk
|

Fiajb
riajb

H (αk)H (1− αk)

〉
, (25)

where

êθ,αk
=

 (xi + αkxij) (zi + αkzij)/(Rdxy)
(yi + αkyij) (zi + αkzij)/(Rdxy)

−dxy/R

 , (26)

and dxy =
√

(xi + αkxij)
2

+ (yi + αkyij)
2
; αk are roots of Eq. 17. Thus, the local polar pressure is given by

Pθθ (R) = ρ (R) kBT +
1

4πR2

〈∑
i<j

∑
a

∑
b

2∑
k=1

(rij · êθ,αk
) (riajb · êθ,αk

)

|rij · êR,αk
|

Fiajb
riajb

H (αk)H (1− αk)

〉
. (27)

1.3 Azimuthal Pressure Pϕϕ

Following the similar derivation as shown above, we can obtain the local azimuthal pressure in a form of

Pϕϕ (R) = ρ (R) kBT +
1

4πR2

〈∑
i<j

∑
a

∑
b

2∑
k=1

(rij · êϕ,αk
) (riajb · êϕ,αk

)

|rij · êR,αk
|

Fiajb
riajb

H (αk)H (1− αk)

〉
, (28)

where

êϕ,αk
=

 −(yi + αkyij)/dxy
(xi + αkxij)/dxy

0

 . (29)

The final tangential pressure is calculated by PT (R) = [Pθθ (R) + Pϕϕ (R)]/2.
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2 Local pressure tensor equations for the planar interface

For systems with y-axis being vertical to the plane, and x/z being tangential. Diagonal elements in the pressure
tensor can be calculated [7] using

Pxx(y) =
1

S

〈∑
i<j

∑
a

∑
b

xiajbxij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(30)

Pzz(y) =
1

S

〈∑
i<j

∑
a

∑
b

ziajbzij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(31)

Pyy(y) =
1

S

〈∑
i<j

∑
a

∑
b

yiajbyij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(32)

Where S is the surface area of the planar interface, subscript iajb indicates the atom a in molecule i and atom
b in molecule j. H(x) is the Heaviside step function. The normal pressure is PN = Pyy and the tangential pressure
is calculated by averaging over both x- and z-directions, i.e., PT = 1/2(Pxx + Pzz). Off-diagonal elements in the
pressure tensor represent the shear stress of the system and they can be calculated by:

Pxy(y) =
1

S

〈∑
i<j

∑
a

∑
b

xiajbyij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(33)

Pxz(y) =
1

S

〈∑
i<j

∑
a

∑
b

xiajbzij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(34)

Pyx(y) =
1

S

〈∑
i<j

∑
a

∑
b

yiajbxij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(35)

Pyz(y) =
1

S

〈∑
i<j

∑
a

∑
b

yiajbzij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(36)

Pzx(y) =
1

S

〈∑
i<j

∑
a

∑
b

ziajbxij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(37)

Pzy(y) =
1

S

〈∑
i<j

∑
a

∑
b

ziajbyij
riajb|yij |

FiajbH

(
y − yi
yij

)
H

(
yj − y
yij

)〉
(38)

3 Pressure tensor calculation details

3.1 Long-range corrections

The water model is taken to be TIP4P/Ice [8]. All parameters in pressure tensor calculations are consistent with
those in the molecular dynamics simulations, except for the long-range interactions. We adopted the shifted-force
version [9, 10] of the Wolf method [11] to account for the Coulombic interactions in pressure tensor calculations,
and the Coulombic force was calculated by

Fcoul (riajb) = qiaqjb

[(
erfc(αriajb)

riajb2
+

2α√
π

e−α
2riajb

2

riajb

)
−

(
erfc(αrc)

rc2
+

2α√
π

e−α
2rc

2

rc

)]
, (39)

where rc is the cutoff radius for Coulombic interactions. For pressure tensor calculations of ice nucleus, rc was
taken to be 65 Angstrom (half of the simulation box size). Mendoza et al. [12] reported that the shifted-force version
gives poor surface tension results compared to the Ewald summation method, but they used a small cutoff radius
which might be the source of error (and this has been confirmed in Ref. [13]). It has been shown that increasing
cutoff radius in real space, the Fourier space contribution to the pressure becomes smaller, and the systematic error
introduced by replacing the bare Coulombic potential with a damped one becomes negligible [4]. Potential damping
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parameter α in Eq. 39 was chosen by running pressure calculations at different values (from 0.005 to 0.3), and we
found a plateau in α−PN,ext plot in the α range from 0.05 to 0.2, where PN,ext is the normal pressure in the external
liquid water. We chose α = 0.06 to give the best match between averaged pressure (from MD simulation) and the
local pressure in the external liquid water phase. The force equation (shifted-force version, Eq. 39) is the same as
that in the original Wolf potential, but in the original version, the force and potential are not consistent, while in
shifted-force version, this problem has been fixed. For pressure tensor calculations of planar systems, we found that
rc = 20 Angstrom and α = 0.195 are enough to capture long-range information within uncertainty introduced by
the Wolf method. However, using a smaller cutoff radius reduces the computational cost significantly. The periodic
boundary conditions were implemented in the pressure tensor calculations for both spherical and planar cases, using
the algorithm of Ref. [4]. The source code for spherical and planar local pressure tensor calculations is available at
https://github.com/KaihangShi/Spherical-Pressure-Tensor.

3.2 Fitting of the pressure components in spherical coordinates

Since the data for the transversal component PT was rather noisy, instead of directly fitting it, we obtained its
profile from the fit to the normal component and the mechanical equilibrium condition, which implies Eq. SI.3.
The discrete PN data were fitted to a hyperbolic equation [6, 14],

PN (R) =
1

2
(PIh + Pw) +

Pw
2

tanh

[
2(R−Rw)

Dw

]
− PIh

2
tanh

[
2(R−RIh)

DIh

]
, (40)

where subscript ‘Ih’ denotes ice and ‘w’ water; PIh and Pw are the normal pressure of the bulk solid and that
of the bulk liquid, respectively; RIh and Rw are the radial positions of the inflection points on the normal pressure
profile for the corresponding phase; DIh and Dw are the width of the interface for the corresponding phase. Fitting
parameters are listed in Table 1.

Systems Pw (bar) PIh (bar) Rw (Å) RIh (Å) Dw (Å) DIh (Å)
Ice nucleus 10.2 188.8 12.7 24.3 5.0 9.9

Table 1: Fit parameters for Ice Nucleus System

3.3 Smoothing method for tangential pressure profile in planar interfaces using the
skewed Gaussian function

In systems with planar interfaces, the normal pressure in the direction perpendicular to the interface is constant
according to the hydrostatic equilibrium (see Figure 4). The tangential pressure profile in a solid-liquid interface is
well-known to be noisy due to the high short-range order of the crystal structure. To obtain a smooth tangential
pressure that is amenable to numerical analysis, we fit the noisy tangential pressure profile using a skewed Gaussian
function (assuming y-axis is vertical to the planar interface):

PT (y) = A

[
1 + erf

(
α(y − y0)√

2

)]
exp

(
− (y − y0)2

2σ2

)
+ P (41)

Where A, α, y0, σ are fitting parameters. P is the mechanical pressure in the bulk liquid/solid phase of the
system and it is equal to the normal pressure; in this case, P = 6.686 bar. To enhance the fitting quality, we
first numerically integrated the raw tangential pressure data from the liquid phase to the solid phase using the
trapezoidal rule (referred to as “raw integral”). Then we fit the raw integral with the integral of the skewed
Gaussian function to obtain the fitting parameters A, α, y0, σ. The fitting parameters are stable with various
initial guesses. A Jupyter notebook to perform the smoothing of the original tangential pressure data points is
available at: https://github.com/KaihangShi/Spherical-Pressure-Tensor/tree/main/TIP4P_Ice

4 Raw data for the basal plane

Here the data without post-processing is shown for the planar interface exposing the basal facet.
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Figure 2: a) Density and b) pressure profiles across the ice-water interface exposing the basal plane without
smoothing of data.

5 Connecting the thermodynamic and mechanical definitions of the
interfacial stress of the nucleus

Following Eq.(14) from Ref. [6], we see the following mechanical definition for the interfacial stress f ,

f =

∫ ∞
0

R∗

r
[PN (r)− PT (r)]dr, (42)

where R∗ denotes a particular location of the dividing surface, which, in principle, depends on the specific definition
of the pressure tensor. Note that PN (r) − PT (r) is nonzero only within the interfacial region. Consequently, the
integrand differs from zero only in this region, where r approaches R∗, i.e., R∗/r ∼ 1. Under this assumption,
Eq. (42) can be approximated, leading to Eq. (4) of the main text for f| (up to a factor of 2 accounting for
the presence of two interfaces due to periodic boundary conditions). Indeed, Ref. [15] showed that employing a
planar-interface expression together with the pressure profiles of the nucleus yields an estimate of f comparable to
that obtained from a rigorous spherical-interface formulation. The mechanical equilibrium condition in spherical
coordinates is

PT (r) = PN (r) +
r

2

dPN (r)

dr
, (43)

which can be re-arranged as
PN (r)− PT (r)

r
= −1

2

dPN (r)

dr
. (44)

Substituting Eq. 44 into Eq. 42, we get:

f =

∫ ∞
0

−R
∗

2

dPN (r)

dr
dr = −R

∗

2

∫ ∞
0

[
dPN (r)

dr

]
dr = −R

∗

2
PN (r)

∣∣∣r=∞
r=0

= −R
∗

2
(pw − pIh) =

R∗

2
(pIh − pw),

with pIh = PN (r ∼ 0) and pw = PN (r ∼ ∞).

Let’s find the same equation for f but using thermodynamic arguments. We follow the book of Rowlinson and
Widom [16] adapting the equations to deal with the true properties of the nucleus and the interfacial stress f ,
instead of bulk properties and the interfacial free energy γ. Hence

F = −pwVw − pIhVIh + fA+ µN, (45)

where F means Helmholtz free energy, pw and pIh , and Vw and VIh , are the pressures and volumes of liquid and ice
respectively (note that the dividing surface has no volume), µ is the chemical potential (which is homogeneous in
equilibrium), and N = Nw + NIh + Nx is the total number of molecules (liquid w, ice Ih, and excess components
x). By considering a change in the location of the dividing surface (denoted in brackets) under which free energies,
pressure, and chemical potential do not change, we find,
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[dF ] = −pw[dVw]− pIh [dVIh ] + f [dA] +A

[
df

dR

]
[dR] = 0, (46)

which can be re-arranged to give

pIh − pw =
2f

R
+

[
df

dR

]
. (47)

Now, it is possible to define a particular choice of R that cancels the notational derivative, namely R∗. This
can be called the true surface of tension, which may differ from the surface of tension Rs defined by zeroing the
notational derivative of γ. As can be seen, setting R to R∗, we recover the same equation as from mechanical
arguments,

f =
R∗

2
(pIh − pw) (48)

We acknowledge that further work is needed to connect the surface of tension Rs and the true surface of tension
R∗ since they are not necessarily equal as shown in Ref. [17]. Moreover, R∗ obtained from mechanical arguments
depends on the choice of the pressure tensor [6]. An attempt to connect Rs and R∗ follows hereafter assuming
that R∗ is well-defined (at least that is the case in thermodynamics). By comparing, Eq. 47 with the general
Young-Laplace equation,

pµIh − pw =
2γ

R
+

[
dγ

dR

]
, (49)

we find,

pµIh − pIh =
2

R
(γ − f) +

[
d

dR

]
(γ − f). (50)

Let us define ∆pIh = pµIh − pIh and u = γ − f for notational simplicity. The equation becomes:

∆pIh =
2u

R
+

[
du

dR

]
, (51)

which is a first-order linear differential equation. To solve this equation, we employ the method of integrating
factors. Let µ0(R) be the integrating factor:

µ0(R) = exp

(∫
− 2

R
dR

)
= exp(−2 lnR) =

1

R2
. (52)

Re-arranging and multiplying both sides of Eq. 51 by µ0(R), one obtains

1

R2

[
du

dR

]
−
(

2

R3

)
u =

∆pIh
R2

, (53)

or, [
d

dR

]( u

R2

)
=

∆pIh
R2

, (54)

which can be integrated to give,

u

R2
= −∆pIh

R
+ C, (55)

where C is a constant of integration. To determine the constant C, we use the condition that at R = Rs,
[
dγ
dR

]
= 0.

Taking the derivative in Eq. 55 substituting u = γ − f ,[
d

dR

]
(γ − f) = −∆pIh + 2CR, (56)

where at R = Rs, we have: [
d

dR

]
(γ − f) =

[
dγ

dR

]
−
[
df

dR

]
= −

[
df

dR

]
. (57)
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Therefore,

C =
1

2Rs

(
∆pIh −

[
df

dR

]
Rs

)
, (58)

and the difference between γ and f at any dividing surface R is given as

γ − f = ∆pIhR

(
R

2Rs
− 1

)
− R2

2Rs

[
df

dR

]
Rs

. (59)

We could have also used the condition that at R = R∗,
[
df
dR

]
= 0. In that case,

C =
1

2R∗

(
∆pIh +

[
dγ

dR

]
R∗

)
, (60)

and we find,

R∗ = Rs

∆pIh +
[
dγ
dR

]
R∗

∆pIh −
[
df
dR

]
Rs

 , (61)

which shows that the relation between the surface of tension Rs and the true surface of tension R∗ is not simple.
It is common to find in the literature that these two are not distinguished. However, this is an approximation.
Since obtaining exactly these quantities requires several costly free energy calculations of F for the whole system,
it may be more convenient from a practical point of view to use values of R covering the whole interfacial layer to
estimate f and γ.
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