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Anomalous Behavior in the Nucleation of Ice at Negative Pressures
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Ice nucleation is a phenomenon that, despite the relevant implications for life, atmospheric sciences, and
technological applications, is far from being completely understood, especially under extreme thermo-
dynamic conditions. In this work we present a computational investigation of the homogeneous ice
nucleation at negative pressures. By means of the seeding technique we estimate the size of the ice critical
nucleus N, for the TIP4P/Ice water model. This is done along the isotherms 230, 240, and 250 K, from
positive to negative pressures until reaching the liquid-gas kinetic stability limit (where cavitation cannot be
avoided). We find that N, is nonmonotonic upon depressurization, reaching a minimum at negative
pressures in the doubly metastable region of water. According to classical nucleation theory we establish
the nucleation rate J and the surface tension y, revealing a retracing behavior of both when the liquid-gas
kinetic stability limit is approached. We also predict a reentrant behavior of the homogeneous nucleation
line. The reentrance of these properties is related to the reentrance of the coexistence line at negative
pressure, revealing new anomalies of water. The results of this work suggest the possibility of having
metastable samples of liquid water for long times at negative pressure provided that heterogeneous
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nucleation is suppressed.
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Ice formation is possibly the most important liquid-to-
solid transition, being relevant in cryobiology, food storage,
material science, and Earth science [1-8]. Homogeneous
nucleation is the mechanism through which thermal fluc-
tuations in a pure liquid below coexistence induce the
formation of crystal nuclei that, when sufficiently large
(critical size), trigger the crystallization.

At ambient pressure and a few kelvins below coexist-
ence, the size of the critical nucleus N, is huge and the
probability of forming spontaneously in pure supercooled
water is negligible [9,10]. Consequently, in nature, ice is
formed essentially via heterogeneous nucleation [11].

Several investigations have addressed the behavior of
supercooled liquid water at negative pressure [12-20], with
little attention paid to ice nucleation [21,22]. Here, we fill
this gap by exploring the homogeneous ice nucleation from
positive to negative pressure P at constant temperature 7.

By means of molecular dynamic simulations of the
TIP4P/Ice water model [23]—probably the best atomistic
model to study ice properties and with a well known phase
diagram[23,24]—we reveal that the isothermal variation of
N, is nonmonotonic. For any isothermal path, a minimum
is always observed at P < (. This retracing behavior is
linked to the reentrance of the coexistence line.

All the simulations have been performed using GROMACS
[25], adopting (i) a time step of 2 fs; (ii) the Noose-Hoover
thermostat with a relaxation time of 1 ps; (iii) the
Parrinello-Rahman barostat with a relaxation time of
2 ps; (iv) the particle-mesh-Ewald algorithm of order 4,
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with Fourier spacing of 0.1 nm to solve the electrostatic
interaction; (v) a cutoff of 0.9 nm both for the Lennard-
Jones and Coulomb interactions; (vi) long range correc-
tions to the Lennard-Jones interaction.

Given the polymorphism of ice, we investigate the most
stable structure. According to Matsui et al. [26], Th is
clearly the most stable ice up to extreme negative pressures,
where ice Th and the recently discovered ice XVI [27] are
close in terms of stability. Hence, first we determine the
solid-liquid coexistence lines for ice Th and ice XVI
for the TIP4P/Ice model via direct coexistence simulations
[see the Supplemental Material (SM) [28] ]. The T-P loci
of the coexistence lines are shown in Fig. 1(a). For
P > —=3000 bar the ice XVI coexistence line is lower than
the Th coexistence line, meaning that the Th structure is
more stable than the ice XVI for this pressure range. The
triple point water-Ih-ice X VI is estimated at P ~ —3000 bar
and T ~ 278 K, similar to what has been found for the
TIP4P/2005 water model [29]. Therefore, we have
conducted our investigation with ice Th, although for
P < —3000bar the nucleation of ice XVI could be relevant.

We then estimate the liquid-gas kinetic stability limit
defined as the 7 — P locus where 2000 liquid water
molecules were stable for at least 100 ns. For any thermo-
dynamic state in this work it is possible to reach a metastable
equilibrium, as the relaxation time is smaller than 40 ns
[Fig. 1(b)]. As can be seen, before this stability limit is
reached, there is a reentrance of the coexistence line with a
turning point d7/dP = Qat P ~ —2000 barand T ~ 280 K.
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FIG. 1. (a) Phase diagram in the 7—P plane of the TIP4P/Ice

water model showing (i) the ice Ih-liquid coexistence line (black
points); (ii) the liquid-gas kinetic limit (red dashed line); (iii) the
isolines with constant logarithm of the nucleation rate:
log;oJ/(m™3s71) = 15,5, -5 [see Fig. 4(b)]. (iv) the fitting of
experimental homogeneous nucleation line (HNL) [22] and ice
Ih-liquid coexistence proposed by Marcolli [21]; (v) the ice XVI-
liquid coexistence curve (green points). The HNL (where the
formation of ice can not be avoided) from experiments corre-
sponds approximately to an isoline log,oJ/(m™3s™1)=15 [9].
(b) Relaxation time 7= (0.31nm)?/(6D) to diffuse the diameter
of a water molecule as a function of P.

In 1982, Speedy conjectured a reentering behavior of the
liquid-gas spinodal [30]. This has been recently demon-
strated to be the case for colloidal systems [31] but ruled out
for water [32] as further seen in this work. Nevertheless,
Henderson and Speedy later conjectured a reentrance in the
coexistence line [15] (also suggested by Bridgman [33]).
Speedy’s estimation of the turning point of the coexistence
line occurring at P ~ —1750 bar and T ~ 283 K [15] is
surprisingly close to our numerical finding.

Although experimentally inaccessible for large (in abso-
lute value) negative pressures, the possible reentrance of the
solid-liquid coexistence line affects the kinetic and thermo-
dynamic properties of the accessible metastable region of
the supercooled water’s phase diagram at negative pressure.
This phenomenon resembles what has been largely dis-
cussed in the last decades about the origin of water’s
anomalies [7,19,34-44]. There, the possible presence of a
second liquid-liquid critical point in a low 7T-high P region
of the phase diagram (confirmed recently for the TIP4P/Ice
model [24] although experimentally prohibitive) would
determine the increase of the fluctuations (and related
thermodynamic response functions) in the accessible meta-
stable region of the phase diagram.

To evaluate N. we follow the seeding computational
approach, introduced by Bai and Li [45], and widely
adopted in nucleation studies [11,46-60] (see SM for
details). This scheme consists in introducing a spherical
crystal seed of a given size into a bulk of supercooled liquid
and let it evolve at constant 7" and P. Seeds whose size is
larger than N.(T,P) grow spanning the entire system,
while those below N (T, P) melt. When the size is critical,
the crystal seed can grow or melt with equal probability.
Hence, by comparing the time evolution of the size of the
crystal seeds at certain 7" and P, it is possible to establish N,
(within a certain resolution). One can either study seeds
differing in size at fixed state point 7 — P [Figs. 2(a)-2(c)]
or a given seed at different 7-P [Fig. 2(d)].

We investigate the 7 = (230,240,250) K isotherms
with N ~ 46000 water molecules. For any T we explore
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FIG. 2. Time evolution of the ice seed along the isotherm 7' = 240 K at (a) P = —2900 bar; (b) P = —1700 bar; (c) P = —300 bar;
(d) different positive pressures. Dashed lines mark the boundaries of the estimated critical size N .. (established as the difference between the size of
the largest seed melting and the smallest seed growing). In (a)—(c) P was constant and we changed the size of the initial ice cluster. In (d), the initial
size of the cluster was identical but it was studied at different P. From the results of (d) one estimates that the cluster is critical at P ~ 650 bar.
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stability limit at negative pressures up to the melting point
at positive pressures. The number of ice molecules is
determined according to the Lechner-Dellago order para-
meter g, [61], with cutoff distance of 3.5 A. Molecules
(within the cutoff distance) above the threshold g, are
labeled as ice, whereas those with smaller values are
labeled as liquid. The value of gg, which depends on P
and T is determined according to the mislabeling criterion
[47] (see the SM for details). In Fig. 2 we show the time
evolution of the number of ice particles in the crystal seed
along the isotherm 7' = 240 K, with runs spanning in some
cases up to the us. On average any N, has been identified
by means of ~10 independent runs. All the estimated N,
along the three isotherms are presented in Fig. 3(c) and
reported in the SM. As shown in Fig. 3(c), from positive
pressures, N, largely decreases upon decreasing P, reach-
ing a quasiconstant value at negative P. By further
decreasing P we find that N increases again. In all cases
the minimum value of N, is observed at P < 0. In
particular, we find that the minimum value of N, is
~150 for T =230 K, ~310 for T =240 K, and ~800
for T =250 K. From N.(T,P) we can extract the P
dependence of the surface tension y(7, P) following the
classical nucleation theory (CNT). Indeed, according to
CNT, y can be expressed as [48]

(T PPISMT PPN(T P
32 ’

y(T,P) =

being p;.. (7T, P) the ice density at (7, P), and Au(T, P) =
thiq(T, P) = pice (T, P) the difference in chemical potential
between water (u;q) and ice (i;c.). As discussed in the SM
(see Fig. 3 and Table II), Ay can be computed by thermo-
dynamic integration. In Fig. 3(a) we report Ay along the
isotherms of interest, showing a retracing behavior whose
maximum value is always reached at P < 0. The maxima
of Ay are observed at (7T =230 K, P ~ —1160 bar), (T=
240K,P~—1405bar), and (T =250 K, P ~ —1605 bar),
roughly coinciding with the thermodynamic state points
where N_.(P) exhibits a minimum. The presence of the
maximum of Ay is due to the crossing of ice and liquid water
densities along the corresponding isotherm as shown in
Fig. 3(a) inset [see also Figs. 3(c)-3(e) of the SM]. From
Eq. (1) we obtain y which is shown in Fig. 4(a). As can be
seen, y decreases upon decreasing P, reaching a quasiconst-
ant value at negative P, then increasing again at largely (in
absolute value) negative P. We can extract the values of y at
P =1 bar: y ~20 mJ/m? for T =230 K, y ~21 mJ/m?
for T =240 K, and y ~ 24 mJ/m? for T = 250 K. These
values are in agreement with the fitting expression for
y(T, P =1 bar) reported in Refs. [48,52] (y = 19.1, 21.8,
24.5 mJ/m?, respectively).

Following Becker and Doring [62] we can express the
nucleation rate J(7, P) as
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FIG. 3. Different observables as a function of P along the
isotherms 7 = 230 K, 7 =240 K, and T = 250 K [legend for
all panels in (b)]: (a) Difference in chemical potential Ay. Volume
per molecule of Th ice and liquid water at 7 = 240 K in inset.
Blue star indicators are at the same P. (b) Diffusion coefficient D.
Lines are fitting curves reported in the SM. (c) Size of the ice
critical nucleus N.. Inset shows an enlargement of the region
where the minima are observed. Lines are fitting functions given
in the SM. (d) Gibbs free energy barrier AG (enlargement at the
minima including error bars in SM). Dashed lines are guides for
the eye.

J(T,P) = pigf " Zexp(=AG./kgT), (2)

where pyjq is the density of the liquid phase, and AG,. =
N |Au(T, P)|/2 is the free energy barrier associated with
the formation of a critical cluster. Also, kj is the Boltzmann
constant and Z = \/|Au|/(67kgTN,) is the Zeldovich
factor which depends on the curvature of AG around the
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FIG. 4. Isothermal variations (at 230, 240, and 250 K) with P of

(a) Surface tension y. Dashed lines are guides for the eye. (b) The
logarithm of J (enlarged at the maxima including error bars in
SM). Same legend as (a). Dashed blue line marks the homo-
geneous nucleation line (HNL) given by log,oJ/(m™3s~!) = 15.
Continuous lines are an analytical expression according to
Eq. (2), using the fitting curves pyq(T, P) shown in Fig. 2 of
the SM and D(T, P) and N.(T, P) shown in Figs. 3(b) and 3(c),
respectively, all reported in the SM. By estimating the (7', P) state
points where log;oJ/(m™3s™!) = 15,5, -5 we have drawn the
iso-J lines shown in Fig. 1.

barrier top and is related to the width of the critical region.
The attachment rate f* can be approximated as
fr= 24DN3/ 3 /A%, where D is the diffusion coefficient
of the supercooled water [shown in Fig. 3(b)] and 4 =
38 A according to previous work [46]. Such an approxi-
mation successfully works at positive pressure [46]. We test
it at negative pressure by computing f* rigorously as in
Ref. [63] from ([N(f) — N(0)]?) = 2f*t, at T = 240 K for
P = =300, —-1700, —2900 bar finding good agreement, as
reported in SM (the deviations do not affect the resulting
value of J).

The P dependence of AG.,. is shown in Fig. 3(d). Then,
we estimate J via Eq. (2). In Fig. 4(b), the returning of J at
negative P is revealed. The maxima of J are found at P < 0
for all the explored T and mark the (7', P) conditions where

homogeneous nucleation occurs more easily as recently
suggested by Marcolli [21]. In this particular case,
J~1022 m3s~! for (T =230 K, P~ —1200 bar), J ~
10" m™3s7! for (T =240 K, P ~—1350 bar), and J~
107" m=3s~! for (T =250K, P ~ —1750 bar). Accordingly,
the estimated surviving time 7z of a water droplet with
volume V.. ~ 5 cm?® characteristic of the inclusion experi-
ments at negative P [13,18]is 7= (JV,) ' ~2 x 1077 s
at T=230K, 7~2x1078B s at T=240K, and 7~
2x10%s at T =250 K. Thus, this work suggests that
245-250 K is the minimum 7" at which one can study
macroscopic samples of water at P < O without freezing
the entire sample in a few seconds.

Finally, we compute the isonucleation rate lines for
TIP4P/Ice (representing the loci of points in the P-T plane
where the nucleation rates have identical values). They are
presented in Fig. 1 for log;oJ/(m™s™!) = 15,5,-5. As
can be seen, the isonucleation rate lines present reentrant
behavior. The curve log;,J/(m™ s!) = 15 is of particular
interest as it can be regarded as an estimate of the
experimental homogeneous nucleation line (HNL) [9]
where freezing of droplets of a few microns occurs in a
few seconds and cannot be avoided, thus, representing the
solid-liquid limit of stability. In the 230 K isotherm,
log;oJ/(m™3s™!) =15 occurs at P =1 bar (see also
Fig. 1). The results of this work suggest that the HNL
presents reentrant behavior, another anomaly of water
arising at the confluence of low 7 and negative P
[64,65] that, to the best of our knowledge, has not been
reported before.

In conclusion, we use computer simulations of the
TIP4P/Ice water model to estimate the size of the critical
nucleus N, along three isotherms 7 = 230 K, T = 240 K,
and 7 = 250 K. We cover from typical positive coexist-
ence pressures until approaching the liquid-gas kinetic
stability curve (under 100 ns of observation). We show
how N, does not change monotonically exhibiting a
minimum at negative P and increasing again in the vicinity
of the stability limit. Accordingly, the nucleation rate J and
the surface tension y show a retracing behavior, with a
maximum of J and a minimum of y both occurring at
negative P. Our findings reveal new water anomalies as the
retracing behavior of N, y, and J along the isotherms when
going from positive to negative pressures. We also predict
anomalous behavior of the homogeneous nucleation line,
which again presents reentrant behavior at negative pres-
sures. This can be regarded as a smoking gun of the
reentrance of the melting curve which can be evaluated
experimentally only up to moderate values of negative
pressures [13,15-18].
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